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Abstract Let n> 1 be an integer, P*(n) be the unitary analogue of the gcd-sum function. 
In this paper, we consider the mean value of P*(n) over square-full numbers, that is 


P*(n) = S7 P*(n) fal), 


n<@ n<au 
n is square—full _ 


where f2(n) is the characteristic function of square-full integers, i.e. 


1, nis square-full, 
fo(n) = 
0, otherwise. 


Keywords divisor problem, Dirichlet convolution method, mean value. 
2010 Mathematics Subject Classification 11N37. 


§1. Introduction and preliminaries 


An integer n = p{' ps? ---p%” is called k — full number if all the exponents a1 > k, ag > k, 
-+, dy > k. When k = 2, n is called square — full integer. 

American-Romanian number theorist Florentin Smarandache introduced hundreds of in- 
teresting sequences and arithmetical functions. In 1991, he published a book named ‘Only 
problems, Not solutions!’ He presented 105 unsolved arithmetical problems and conjectures 
about these functions and sequences in it. In the unsolved problem 32 (see [3]), Smarandache 
introduced the irrational root sieve. We can get the irrational root sieve by taking off all k- 
powers, k > 2, of all square free numbers from the set of natural numbers (except 0 and 1). 
In fact, the complementary set of the irrational root sieve in the set of natural numbers (ex- 
cept 0 and 1) is the set of square — full numbers. Let f2(n) be the characteristic function of 
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square — full integers, i.e. 


1, 
fo(n) = 


0, otherwise. 


n is square-full, 


In 1982, M. V. Subbarao [4] gave the definition of the exponential divisor, i.e. n > 1 is 
an integer and n = [J;_, p;*, d = [[j_, py’, if c | ai, i = 1,2,--- ,r, then d is an exponential 
divisor of n. We denote d |. n. Two integers n, m > 1 have common exponential divisors if 


they have the same prime factors. For n = []/_, p%’, m = [[/_, p’, ai, bs > 1 <i <r), the 


a 
greatest common exponential divisor of n and m is (n,m). = |] pre, Here (1,1). = 1 by 
i=1 
convention and (1,m)- does not exist for m > 1. 


The integers n, m > 1 are called exponentially coprime, if they have the same prime 
factors and (a;,b;) = 1 for every 1 <i <r, with the notation of above. In this case, one gets 
(n,m). = S,(n) = S,(m). The function S,(n) = P, *---* P, can be found in the unsolved 
problem 63 (see [3]). 1 and m > 1 are not exponentially coprime. Let 


n 


P*(n) = So(k,n)s, 
k=1 
where (k,n), := max{d € IN: d|k,d||n}, which was introduced by Toth [5]. The function P*(n) 
is also multiplicative and P*(p*) = 2p* — 1 for every prime power p* (a > 1). 
Many authors have investigated the properties of the function P*(n), see [6] and [1]. Re- 
cently, L. Téth [6] proved the following result: 


» P*(n) = xy” log x + Bx? + O(x?/? log 2), 


n<ux 


where a = J],,(1 — 1/(p + 1)”) © 0.775883, a, @ are constants. 

The aim of this paper is to establish the following asymptotic formula for the mean value 
of the function P*(n) over square-full numbers. 

Theorem 1.1. We have the asymptotic formula 


1 1 
= P*(n) = oP Ri, (log n)+704/ Ry 2(log x)+O(2°/* exp(—D(log x)*/° (log log x)~*/*)), 


n<« 
n is square—full 


where Ry 4(t), k =1,2 are polynomials of degree 1 int, D > 0 is an absolute constant. 
Notation. Throughout this paper, e¢ always denotes a fixed but sufficiently small positive 


constant. 


§2. Some lemmas 


Lemmas 2.1. Let 


d(2,2,3,3;k):= S~> d(n)d(m), 


k=n?2m3 


DG? 33a) S- 82;2.3,3;%), 
1<k<a 
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such that 
D(2,2, 3,33 x) = a? P, (log x) af a3 P, >(log x) a OG), 


where P,1(t), Py.2(t) are polynomials of degree 1 in t. 


Proof. This is Lemma 6 of D. Zhang [7]. 


Lemmas 2.2. Let f(m), g(n) are arithmetical functions such that 


J 
Y F(m) =) 2° Pj(logz) + O(e"), 
Y Ig(e)| = 0"), 


where a, > ag >--->azy>a>P>0, P;(t) are polynomials int. If h(n) = oma f(m)g9(d) 
then 
J 
S7 h(n) = $5 2% Q; (log x) + O(2%), 
nsx j=l 


where Q;(t) are polynomials in t, (j =1,---J). 


Proof. This is Theorem 14.1 of Ivié [2]. 


Lemmas 2.3. Let f(n) be an arithmetical function for which 


l 


S> f(n) = S¢ x P; (log x) + O(x"), 


S> |#(n)| = Ole" (log.2)"), 


where a, > a2 > ++: >a; > 1/e>a>0, r > 0, Pj(t) are polynomials in t of degrees not 
exceeding r, (j =1,---J), andc>1, b> 1 are fixed integers. Suppose for Rs > 1 that 


a(n) 1 
d ns (®(s)’ 


h(n) = S> pus(d) f(n/a°), 


d¢|n 


then 
1 


S- h(n) = S- 2 R(log¢)+ £,(2), 


n<ux j=l 


where R,(t) are polynomials in t of degrees not exceeding r, (j =1,---1), and for some D > 0, 


E(t) gue exp(—D(log z)°/5 (log log a) V5), 
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No. 


Proof. See Theorem 14.2 of Ivié [2]. 


Lemmas 2.4. Let P’(n) = FP’ Rs > 1, we have 


n 


= P 2(28)¢7(3 
SF Pln) _ CRN) 61) 
— ns ¢(4s) 
nds square—Ffull 
where the Dirichlet series G(s) := >>, an) is absolutely convergent for Rs > 1/5. 
Proof. 
SS Pl) SS Phlw 
n=1 uae n=1 
fda aguaresfull 
_]] (v4 LODO, POA), POH... POHL) 
: ps ps pts prs 


ae oe 1 1 ee 
28 4s p2t2s pe+3s ptt4s 


1 2 1 1 
= ¢(2s) TT (1 era pets pet4s ) 


paca ine = z 2 be) 


es — IT Echos +) 


where G(s) := S72, 9 = Ne (1 —~2%-3+ ), which is absolutely convergent for 


P 
Rs > 1/5, and 


ys lg(n)| « al/Fte, 
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§3. Proof of Theorem 1.1 


Let a 
¢7(28)¢?(3s)G(s) = — Rs > 1, 
£2(29)¢2(89) = > A285) 
such that - 
f(n) = > d(2, 2,3,3;m)g(d). (1) 


n=md 
From Lemma 2.1 and the definition of d(2,2,3,3;m) we get 
DY 4(2,2,3,3:m) = 2? P, (log a) + 21/3 Py, 2(log x) + O(a!9/+*), (2) 
m<u 
where P; ,(t) are polynomials of degree 1 in t, k = 1,2. 
In addition we have 
SY lem)| = O@**). (3) 
n<ux 
Combining (1), (2) and (3), and applying Lemma 2.2, we have 
D f(r) = 2? Qi, (loge) +.2°/7Qi 2(loga) + O(a19/8+4), (4) 
n<ux 
where @1,1(t), Q1,2(t) are polynomials of degrees 1 in t, then we can get 


do IF (n)| K a/? log x. (5) 


n<u 
Since as See ae Rs > 1/4, from Lemma 2.4 and (1) we have the relation 
P'(n)foln) = So f(m)u(d). (6) 
n=md4 


From (4), (5) and (6), in view of Lemma 2.3, we can get 


Py P'(n) = x/? Ry (log x) + 21/7 Ry o(log x) + O(a'/4 exp(— D(log x)?/5 (log log x)~1/°). (7) 


<a 
n is squore—full 
From the definition of P’(n) and Abel’s summation formula, we can easily get 


S- P*(n) = y P'(n)n 


n<a n<a@ 
n is square—full n is square—full 


[ s- P'(n)) 


n<t 
n is square—full 


1 1 
- zo? Ras (log x) + qo’? Ra(log x) + O(2°/4 exp(—D(log x)*/* (log log z)~!/5)), 


where R,,(t), k = 1,2 are polynomials of degree 1 in t, D > 0 is an absolute constant. 
Then, we complete the proof of Theorem 1.1. 
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Abstract Let n > 1 be an integer. The integer d = []}_, pr is called an exponential divisor 

of n = [[?_, p%*, if bila: for every i € {1,2,..., 8}. Let 6 (n) denote the number of divisors 

d of n such that d and n have no common exponential divisors. In this paper, we study the 

sum D(1,3,...,3;2) = > 
So 


k k 
d(1,3,...,3;n) = o,_43...53 1. We get the mean value for the exponential divisor function, 
Seen enero ee anes 


d(1,3,...,3;n) and get the asymptotic formula for it, where 
—— 


n<ax 


k 
which improves the previous result. 
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81. Introduction and preliminaries 


Many scholars are interested in researching the divisor problem, and they have obtained 
a large number of good results. However, there are many problems hasn’t been solved. For 
example, F. Smarandache gave some unsolved problems in his bbok ONLY PROBLEMS, NOT 
SOLUTIONS!, and one problem is that, a number n is called simple number if the product of its 
proper divisors is less than or equal to n. Generally speaking, n = p, or n = p”, or n = p®, or pq, 
where p and gq are distinct primes. The properties of this simple number sequence hasn’t been 
studied yet. And other problems are introduced in this book, such as proper divisor products 
sequence and the largest exponent (of power p) which divides n, where p > 2 is an integer. 

In this paper, we study the exponential divisor function, which is a class of the divisor 
problem. In 1982, Subbarao [3] firstly gave the definition of exponential divisor: suppose n > 1 
is an integer, and n = IL; py. Ifd= TL; satisfies b;|a;,i = 1,2,--- ,t, then d is called an 
exponential divisor of n, notation d|.n. By convention l|el. 

For n= IL pt > 1, a; >1(1 <i<r), ¢(n) denotes the number of integers II; v? such 
that 1 < q < aj, and (c;,a;) = 1 for 1 <i <r, and let op) (1) = 1. Thus p(n) counts the 


number of divisors d of n such that d and n are exponentially coprime. 
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It is easy to see that 6°) is a prime independent multiplicative function and for n > 1, 


p(n -T (ai), 


where ¢ is the Euler-function. Exponentially coprime integers and function $“°) were introduced 
by J.Sandor [2]. He showed that 
log 6 (n)loglogn log 4 


li = ? 1 
Pez ee log n 5 ( ) 


In 2007, Téth [5] obtained the asymptotic formula for the r—th power of the function 
on), where for every integer r > 1 


2G (n))" = Bra + 2! Rar_o(log 2) + O(a"**), (2) 
n<x 
for every ¢ > 0, where t, := aa Ror_2(x) is a polynomial of degree 2” — 2 and 
a= TI (1: >) a geod). (3) 
P a=3 
In the case r = 1, formula (1.2) was proved in [4] with a better error term, that is 
S> G(n) = Cre + Cpe? + O(2¥+*), (4) 
n<ux 


for every ¢ > 0, where C1, C2 are constants given by 
os a a 1 
oT (ie se eaeenD) 
p a=3 P 


C2 = ¢(1/3) |] (145% o(a—1) — ae) 
Pp a=5 


In this paper, we will study the asymptotic formula for the mean value of the r-th power 


of the function ¢(n), where r > 1 is an integer, which improves Toth’s result. 
Theorem 1.1. For every integer r > 1, then we have 


S~ (6) (n))” = Bra + 2/3 Ror_9(log x) + O(w)+*), 


n<u 


for every e > 0, where b(r) := a, is as defined in Lemma 2.2, the O— term is related 


1 
4-agr_4’ 
to r, Rar_2(x) is a polynomial of degree 2" — 2 and 


Remark 1. Throughout this paper, the letter ¢« denotes a sufficiently small oo constant 


but may not be the same at each occurrences. Divisor functions d(n) = >, 4,1, de(n) = 
Ven=m,m, | and d(1,3,...,3;n) = Salts 1. f(a) < g(x) or f(x) = O(g(a)) denotes 


k 
that | f(x)| < Cg(x), where C is a positive constant. 
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§2. Some lemmas 


In this section, we give some lemmas which will be used in the proof of our theorem. 
Lemma 2.2 and 2.3 can be found in [1] and [6]. 
Lemma 2.1. Forr>1, then we have 


(in re 
yo PO" = (5)0"-1(85)V(9), 


where the infinite series V(s) := ~~ un) ig absolutely convergent for Rs > z. 


n=1 ns 


Proof. Note that the function ¢)(n) is multiplicative and for every prime power p%(a > 1), we 
have $°) (p*) = ¢(a), where ¢ is the Euler-function. By Euler’s product formula, we can get 


co (€)(m))r rq r P "(4 Gs) 
FOOT TT MO, MO), HO, HO, 


- ps Dp pes D ps 
1 1 2” 2 Ar 
= II (1 ps ; pes : pes : pts ; pes a +) 
27-1 47-2" 
= oT] (1 ! prs ps ) 
= ¢(s)¢?"-1(38) T] (1 ll a --) 
P Pp 
= ¢(s)¢7~*(3s)V(s), (5) 


where the infinite series V(s) := )77-, ven) is absolutely convergent for Rs > =. 


Lemma 2.2. Suppose k > 2 is an integer. Then 


k-1 
2. d,(n) == Sex cj (log x)? + O(a T*), 
j=0 


n<ux 


where c; is a calculable constant, € ts a sufficiently small positive constant, ay, is the infimum 
of numbers ax, such that 


= S- dg(n) — P,_(loga) < at, (6) 
n<ux 
and 
Z 131 43 
ve ig? egg 
a 3k—4 oo 
Ak Ak ) aa Oly 
< Pa <— ay< — 
ear e “10'S 67 7G) 
aE < = 12<k<25 
Ji 26<k <50 
Ak b+ 4’ == ’ 
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31k — 98 
<< 1<k< 
Ak S 32k 5 5 < 57, 
7k — 34 
k>58 
ve cbs 


Lemma 2.3. Suppose f(m), g(n) are arithmetical functions such that 


J 


S- f(m = a (log z) + O(a » So lg(n) xP), 


m<u j=l n<ux 


where a, > a2 >--- > ay >a>P>O0, Pi(t) is a polynomial int. Ifh(n) = Yo, ma f(mg(@), 
then 


J 
do A(n) =D) 2% Qj(log x) + O(2*), 


where Q;(t){j =1,..., J} ts a polynomial in t. 


§3. Estimate of D(1,3,...,3;2) 
—S 
k 
Theorem 3.1. Suppose k > 2 is an integer, then 
D(L,3, =yoaa n) = (8) + 23 Qua (log a) + O(n =e"), 


= n<ux —. 
where Qx-1 is a polynomial of degree k —1 in logax, ax is defined in Lemma 2.2. 


Proof. Recall that d(1,3,...,3,n) = >>), ay3...~3 1, by hyperbolic summation formula, we have 
—_—_—_—_— ~ 1 k 


k 
D(1,3,...,3,2) = d(1 sn) = di,(m) 
= PB ee — Xe, ‘ 
= Sam) $5 14+55 SS dk(m)— SO ay(m) S01 
m<y ml<axr I<z m8l<a m<y l<z 
= Si + So oT S3, (7) 


where y,z are parameters that will be determined later, and satisfy that y2z = 2,1 < y < a. 
Now, we deal with 5$,, S2 and S3, separately. 


S. = Yodklm) SD 1= So dk(m) Fa 


m<y ml<ax m<y 
= 2 tM sof Nam 
= O@)e—2 MO) 4 oye) ©) 
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Using Lemma 2.2 and partial summation formula, we have 


di(m) Pa = ~~ wae 
> ie . af 2, tx(rn) =| 3 =d *Desllogey + O(t%+*) 


m>y <t 
k-1 oo 4 
= Yes f Fa (toes?) +0 eres) 
j=o ut 
— 1 ., 3 bg 8 3 
= Mey” (oe + Gillogy le 4G = 1) doggy ben ang = 1) esd 
j=0 


+ O(y*For*s), 


Since y = ¢/2, we have log y = 3 (log « — log z), inserting this into (8), we can get 


S, = ¢*(3)¢ — Sy. — Sig + Oy T+ cy Ft), (9) 
where 
1 i 2 = Cy : i j-i 
Si = 52%z8 vege (—1)*(log z) 
j=l i=0 
= = : 
Sio = uses ) 403 ; i= 3 2, Ci log «)*~*(—1)*(og 2)*. 
j=l i= 


ap+e 
%& = > dv & > (fi Xe (weil) +0((¥7) 
l<z m<e = y z 
et w) 
= ae ay (log x)7~*( iy yo 3 (log 1)’ + O(ay3+%T®), (10) 
j=0 i=0 I<z 
where 
S- 1-3 (log)! a t~ 3 (log t)*d[t] = | t~ 3 (log t)'dt + / t~3 (log t)'dA(t). (11) 
I<z = 7 


We can easily get that A(t) = O(1). Using partial integral formula, we have 


where w; is a constant. We can also obtain that 


i t~5 (log t)'dt = 523 (log z)' — G) aay weed (G)# mn 


Combing (10)-(13), we have 


/ £3 (log t)'dA(t) = w; + O(273**), (12) 
= 
e 
3 
2 


So = 23 Qx_i(log x) + Sor + Soo + O(ay3tort®), (14) 
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where 
kl, _ 3\ ttl 
Qxr—1(log x) >», a7 Ci(logn)?~*(—1)" (« —(-1)' (5) *) ; 
j=0 i=0 
k-1 J 
So = 2423 ST FO Ci(log2)'#(-1)!(log 2)! 
21> ae z& 35 j joa Sz), 
j=0~ i=0 
ee ee > aye" a 
Sy ae Ad ey, Ci(log x)? af 1S 1 (3) 7 (log z)° 
j=0 i=0 s=0 
For 53, we have 
k-1 
Ss = YS) dx(m) S71 = 2y > J ej(logy)? + O(ye"**z) + O(y'**) 
m<y I<z j=0 
k-1 
ve de (log y)? + O(y™***z + y"**). (15) 


Inserting y = ¢/, and logy = 3(log x — log z) into (15), then 
S3 = S31 + O(y***8z + y'**), (16) 


where 
Ss1 = 2328 SLY" Ci (log 2))-*(—1)' (log 2)*. 


Note that C= = . After some simplification we can easily get that Sy, + $31 = So1, 


iW J) 


Sig = Soo. Taking y = aPe = niap , then Theorem 3.1 is proved. 


84. Proof of Theorem 1.1 


For r > 1, from Lemma 2.1, we have V(s) := >>), u(r) is absolutely convergent for 
Rs > z, and then 


Ss lv(n)| < St, (17) 
n<ax 
Let F(s) = ¢(s)¢?’—1(3s) := oe, 4, where f(n) = d(1,3,...,3,7). 
SS —’ 
ar—1 
From Theorem 3.1, we have 
S> f(n) =Soa (1, Ssn8 yn) = C0? —1(3)x2 + £3 Qor_o(log x) + O(x "7-1 *), (18) 


n<u n<x 


where Qor_2(log x) is a polynomial in log x of degree 2” — 2, ay is as defined in Lemma 2.2. 
From Lemma 2.1, we have 
(6 (n))" = So o(k) FO), (19) 
n=kl 


then, by Lemma 2.3 we can get the Theorem 1.1. 
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§1. Introduction and preliminaries 


The study of ideal topological space !®! has been started from 1933 and till, it is developing 
by several mathematicians. Generalized closed sets |! in topological space as well as in ideal 
topological space 14] has been discussed at various research papers. We have introduced 
the generalized closed sets in ideal generalized topological space (generalized topological space 
(GTS) ?:°] with ideal), and characterized the same at different aspect. We also obtain the 
relations with earlier generalized closed sets in topological space, generalized topological space 
and ideal generalized topological space etc. 

Definition 1.1.'8] An ideal Z on a topological space (X,7) is a nonempty collection of 
subsets of X which satisfies the following conditions: 

(i) AET and BCA implies B € T; 

(ii) AGEL and BET implies AUB ET. 

Given a topological space (X,7) with an ideal Z on X, if o(X) is the set of all subsets 
of X, a set operator ()* : o(X) — e(X), is called a local function with respect to 7 and T is 
defined as follows: for A C X, (A)*(Z, 7) ={w eX: UNAET for every U € r(x) } where 
(a) ={UeEr:ceu} 

A Kuratowski closure operator cl* for a topology r*(Z,7), called the *-topology, finer than 
T is defined by cl*(A) = AU A*(Z,7) |l. We will simply write A* for A*(Z,7). If Z is an ideal 
on X, then (X,7,Z) is called an ideal topological space. 

Definition 1.2. Let (X,7,Z) be an ideal topological space. A subset A of an ideal topo- 
logical space (X,7,Z) is r*-closed ""] (resp. *-dense in itself 1, *-perfect \°1), if A* C A(resp. 
AC A*, A= A*). Through the paper, we will use *-closed instead of r*-closed. 
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Definition 1.3. Let (X,7,Z) be an ideal topological space. A subset A of an ideal topolog- 
ical space (X,T,Z) is I,-closed [5] ¢f A* CU whenever U is open and ACU. 

Definition 1.4. Let (X,7) be a topological space. A subset A of a space (X,T) is said to 
be g-closed set !) if cl(A) CU whenever ACU and U is open. 

Remark 1.1.!] Every g-closed set is an I,-closed but not vice versa. 

Remark 1.2.!!6] Every closed set is g-closed. 

Very interesting notion in literature has been introduced by Csaszar [1] in 1997. Using this 
notion, topology has been constructed. The concept is: 

A map 7: exp (X) — exp (X) possessing the property monotony (i.e. such that A C B 
implies y(A) C 7(B)). We denote by ['(X) the collections of all mapping having this property. 

One of the consequence of the above concept is generalized topological space (GT'S) [2,3] | 
its formal definition is: 

Definition 1.5. Let X be a non-empty set, and uw C exp(X). pw is called a generalized 
topology (GT) on X if @ € w and the union of elements of 1 belongs to pL. 

The member of yz is called p-open set and the complement of y-open set is called ji-closed 
set. Again c, is the notation of j-closure Pale, 

Definition 1.6.!'4] Let (X, u) be a generalized topological space. Then the generalized 
kernel of A C X is denoted by g-ker(A) and defined as g-ker(A) =M{G ew: ACG}. 

Lemma 1.1.!"4) Let (X, 1) be a generalized topological space and AC X. Then g-ker(A) 
={2eEX: o,({2}) NAF Op. 

If Z be an ideal on X, then (X, 1,7) is called an ideal generalized topological space. 


§2. Ideal generalized topological space 


Definition 2.1. Let (X,u,Z) be an ideal generalized topological space. A mapping ()**: 
exp X — exp X is defined as follows: 

(A)*# = (A)*#(Z)= {a2 © X: ANU ¢T}, where U € (x) PI. 

The mapping is called the Local function associated with the ideal Z and generalized 
topology p. 

Properties: 

Theorem 2.1. Let (X, 1,2) be an ideal generalized topological space. Then 

(1) = 0. 

(2) for A,B C X and AC B, (A)*# C (B)*". 

(3) (A) C cyl A). 

(4) (AY) © ey A). 

(5) (A)** is a p-closed set. 

(6) ((A)*#)"# ¢ (A). 

(7) for IC Ty implies (A)*#(Z1) C (A)**(Z). 

(8) forU € p, UN (UN A)** CUN(A)*™. 

(9) for TET, (A\ D*# = (A)** = (AUD. 


Proof. (1) It is obvious from definition. 
(2) It is done by the fact of AN V ¢Z implies BN V ¢ T. 
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(3) Obvious from [13]. 

(4) ((A)*Y S eu (eu(A)) = eu A). 

(5) From [2], for G € uw and a € G, there exists V € w(x) such that V C G. Now if 
ANG €T then for ANV C ANG, ANV ET. It follows that X \ (A)*" is the union of ji-open 
sets. We know that the arbitrary union of ji-open sets is an j-open set. So X \ (A)*# is an 
p-open set and hence (A)** is a p-closed set. 

(6) From above, ((A)*"“)*# C ¢,((A)*") = (A)*", since (A)*" is a p-closed set. 

(7) Obvious from the fact that AN V ¢ Z, implies ANV ¢ TZ. 

(8) Since UM AC A, then (UN A)*# C (A)*#. SOUN (UN A)*# CUN(A)™. 

(9) Let « € (A)*“. If possible suppose that « ¢ (A \ I)*#. Then there is an V € (x), 
Vn(A\JI) €Z. Therefore (VN(A\I))ULeEZ,ie, LU(ANV) €Z. Than VNAETZ,a 
contradiction to the fact that 7 € (A)*". Hence (A \ I)*# = (A)*#. 

Proof of 2nd part is similar. 


It is obvious from (2), ()*“ €T(X) Hl. 

Definition 2.2. Let (X,,) be a generalized topological space with an ideal T on X. 

The set operator c*" is called a generalized *-closure and is defined as c*#(A) = AU(A)*", 
for A C X. We will denote by pu*(u;Z) the generalized structure, generated by c*“, that. is, 
we (w3Z)={U CX: oH(X\U) = (X\U)}. w*(u;T) is called *-generalized structure which is 
finer than p. 

The element of y*(u; Z) are called y*-open and the complement of an y*-open is called 
L*-closed. 

Theorem 2.2. The set operator c*" satisfy following conditions: 

(a) AC HH(A), for AC X. 

(b) (0) = 0 and ch (X) = X. 

(c) C#(A) CCH(B) iff ACBCX. 

(d) H(A) UcH(B)) C *H(AUB). 

(e) ch ET(X). 


Proof. Proof is obvious from Theorem 2.1. 


Although some results of the Theorem 2.1 and the Theorem 2.2 have been proved by A. 
Csdszar [4] in his paper ” Modification of generalized topologies via hereditary classes” published 
in Acta Math. Hungar. in 2007 using Hereditary class. 

Definition 2.3. Let (X,) be a generalized topological space. A subset A of X is said to 
be gy,-closed "°l if c,(A) C M whenever AC M and M € x. 

Definition 2.4. A subset A of an ideal generalized topological space (X, ,Z) is *-dense 
in itself (resp. w*-perfect) if A C (A)** (resp. (A)*" = A). 

Definition 2.5. A subset A of an ideal generalized topological space (X, 4,T) is called 
-I-generalized closed (briefly, -Ig-closed) if (A)*" C U whenever U is -open and ACU. A 
subset A of an ideal generalized topological space (X, 1,2) is called 1 -I-generalized open(briefly, 
pi-I,-open) if X \ A is p-I_-closed. 

Theorem 2.3. Let (X,u,Z) be an ideal generalized topological space. Every g,,-closed set 
as [t-I-closed. 
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Proof. Let U any p-open set containing A. Since A is g,,-closed, then c,,(A) C U. By Theorem 
2.1 (3), we have (A)*# CU. 


Remark 2.1. Let (X,7) be a topological space. If we take up = 7, then g,,-closed sets 
coincide with g-closed sets. 

Proposition 2.1. Let (X,u,Z) be an ideal generalized topological space. Then 

(a) Every u*-prefect set is *-dense in itself. 

(b) Every p*-perfect set is *-closed. 


Proof. The proof can be easily done. 


Remark 2.2. Let (X,7) be a topological space and T be an ideal on X. If we take uw =7, 
then p-I,-closed (resp. p*-closed, y*-dense in itself) sets coincide with I,-closed [5] (resp. *- 
closed |], *-dense in itself !7!). 

Theorem 2.4. If (X,,Z) is an ideal generalized topological space and A C X, then A is 
pi-I,-closed if and only if c*#(A) CU whenever ACU and U is p-open in X. 


Proof. Since A is p-I,-closed, we have (A)** GC U whenever A C U and U is p-open in X. 
cH (A) = AU(A)*" CU whenever A C U and U is p-open in X. 

Converse part: Let A C U and U be propen in X. By hypothesis c*#(A) C U. Since 
c*H(A) = AU (A)*#, we have (A)*" CU. 


Theorem 2.5. Let (X,p,Z) be an ideal generalized topological space and AC X. Then 
the following are equivalent: 

(a) A is p-I,-closed. 

(b) &#(A) CU whenever ACU and U is p-open in X. 

(c) cH (A) C g-ker(A). 

(d) c*#(A) \ A contains no nonempty p-closed set. 

(e) (A)** \ A contains no nonempty u-closed set. 


Proof. (a) = (b) It follows from Theorem 2.4. 

(b) = (c) Suppose « € c*#(A) and x ¢ g-ker(A). Then c,({z}) A = 0. Implies that 
AC X \ (cy({z})). Now from (b), c*#(A) C X \ c¢,({z}). This implies c*“(A) N {x} = 0, a 
contradiction. Hence the result. 

(c) => (d) Suppose F' C (c*#(A)) \ A, F is p-closed and « € F. Since F' C (c*#(A)) \ A, 
FOA=9. We have c,({#}) A = @ because F is p-closed and « € F. From (c), this is a 
contradiction. 

(d) = (e) This is obvious from the definition of c*#(A). 

(e) = (a) Let U be an p-open subset containing A. Since (A)* is y-closed by means of 
Theorem 2.1 (5). Now (A)*"“ (X \ U) C (A)*" \ A. Since intersection of two p-closed sets is 
a pi-closed set, then (A)*“M(X \ U) is an p-closed set contained in (A)*“ \ A. By assumption, 
(A)*“ (X \ U) = 0. Hence, we have (A)*" CU. 
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Remark 2.3. Let (X,7,Z) be an ideal generalized topological space. If ~ = T then the 
above theorem coincides with Theorem 2.1 in [12]. 
Proposition 2.2. Let (X,,Z) be an ideal generalized topological space. Every p*-closed 


set is [t-I,-closed. 


Proof. Let A be a subset of X and A be p*-closed. Assume that A C U and U is p-open. Since 
A is p*-closed, we have (A)*" C A and so A is p-I,-closed. 


For the relationship related to several sets defined in the paper, we have the following 
diagram: 


p*-dense in itself <— p*-perfect —> p*-closed => p-I,-closed <= g,,-closed <= p-closed. 


The following examples show that the converse implications of the diagram are not satisfied. 

Example 2.1. (i) Let X = {a,b,c,d}, uw = {X,0, {a}, {a, b}, {b, c, d}}, T= {0, {c}, {d}, 
{b,c}} and A = {a,b}. It is obvious that the p-open sets containing A are X and {a,b}. 
(A)*" = {a} is also contained in X and {a,b}. Thus, A is j1-I,-closed. But A is not g,,-closed, 
since c,(A) = X is not a subset of {a,b}. 

(ii) In (i), let B= {a,c}. Note that the only u-open set containing A is X. c,(A) = X is 
also contained in X. Therefore A is g,,-closed but not p-closed. 

(iit) In (i), B is p*-closed but not p*-perfect. 

(iv) Let X = {a,b,c}, w = {X,9, {a}, {a, b}, {b, ch}, Z= {, {b}} and A = {a,c}. Notice 
that only -open set containing A is X. (A)*" = X also contained in X. Hence, A is u-I,-closed 
but not p*-closed. 

(v) In (iv), A is p*-dense in itself but not p*-perfect. 

Definition 2.6.!'5] A space (X, 1) is called w-T, if any pair of distinct points x and y of 
X, there exists a p-open set U of X containing x but not y and a p-open set V of X containing 
y but not x. 

It is obvious from definition that every singleton set is y-closed if and only if the space is 
y-T}. 

Remark 2.4. Let (X,,Z) be an ideal generalized topological space and AC X. If (X, p) 
is a pt-T, space, then A is u*-closed if and only if A is u-Ig-closed. 

Theorem 2.6. Let (X,,Z) be an ideal generalized topological space and AC X. If A is 
an jt-Ig-closed set, then the following are equivalent: 

(a) A is a p*-closed set. 

(b) (A) \ A is a p-closed set. 

(c) (A)*# \ A is a p-closed set. 


Proof. (a)=>(b) If A is y*-closed, then c*“(A) \ A=@. c*#(A) \ A is p-closed. 
(b)=(c) Since c*"(A) \ A = (A)* \ A, it is clear. 
(c)=>(a) If (A)*" \ A is p-closed and A is p-I,-closed, from Theorem 2.5 (e), (A)*“\A=0 
and so A is p*-closed. 


Lemma 2.1. Let (X,,Z) be an ideal generalized topological space and A C X. If A is 
p*-dense in it self, then (A)*" = c,((A)*") = ¢,(A) = H(A). 
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Proof. Let A be p*-dense in itself. Then we have A C (A)*# and hence ¢,,(.A) C c,((A)*"). We 
know that (A)*“ = c,((A)*") C ¢,(A) from Theorem 2.1 (3). In this case c,,(A) = c,((A)*") = 
(A)**. Since (A)*# = c,,(A), we have c*#(A) = ¢,(A). 


We obtained that every g,,-closed set is u-I,-closed in Theorem 2.3 but not vice versa. For 
p*-dense in itself sets, g,-closedness and ji-Ig-closedness are equivalent. 

Theorem 2.7. Let (X,,Z) be an ideal generalized topological space and AC X. If A is 
p*-dense in itself and p-I,-closed, then A is g,,-closed. 


Proof. Assume A is *-dense in itself and pi-J,-closed in X. If U is an p-open set containing 
A, then we have (A)*" C U. Since A is ys*-dense it self, Lemma 2.1 implies c,,(A) C U and so 
A is g,-closed. 


Theorem 2.8. Let (X,,Z) be an ideal generalized topological space and AC X. If A is 
pi-Ig-closed and p-open then A is p*-closed. 


Proof. Let A be an p-open. Since A is pi-I,-closed, we have (A)*" C A. Hence A is p*- 
closed. 
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Abstract Let G = (V,£) be a given non trivial and connected simple (p,q)-graph, and 
M be an arbitrary nonempty subset of an edge set E(G) of G. For each e € E(G), define 
N™[e] = {f € M : do(e, f) = j}, where d2(e, f) denotes the distances of f from the edge e. 
B.D. Acharya, defined the M-eccentricity of f as the largest j for which N;“[f] 4 0, do(G) 
as the largest M-eccentricity of edges in G and the nonnegative integer q x (d2(G)-matrix 
D3" (G) = (|N}“[e:]|) as the ‘Edge-M-distance neighborhood pattern’ (or, Edge-M — dnp) 
matrix of G. The associated (0, 1)-matrix D3“ (G) is obtained from D3‘ (G) by replacing each 
nonzero entry in it by 1. Let frr(e) = {j : N}“[e] 4 0} for each e € E(G). If fur: e+ fu(e) 
is an injective function, then the set M is a ‘Edge-M-distance-pattern distinguishing set’ ( or, 
a “Edge-DPD-set” in short) of G and G is a ‘Edge-DPD-graph’. If fyr(e) \ {0} is independent 
of the choice of e in G then M is said to be a ‘Edge-open distance-pattern uniform’ (or, 
‘Edge-ODPU’) set of G. A study of these sets is useful in a number of areas of application 
such as facility location and design of indices of “quantitative structure activity relationships” 
(QSAR) in chemistry. This paper is a study of Edge- M-dnp matrices of a Edge-dpd-graph 
for a class of graphs. 

Keywords distance(in graph), edge-to-edge-set distance-pattern distinguishing sets, edge- 
distance neighborhood pattern matrix, edge-to-edge-set distance-pattern distinguishing graph. 
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81. Introduction 


For all terminology which are not defined in this paper, we refer the reader to F.Harary 
[5]. Unless mentioned otherwise, all the graphs considered in this paper are finite, connected, 
simple non trivial. Distance between two elements( vertex to vertex, vertex to edge, edge to 
vertex, and edge to edge) in graphs is already defined in the literature (refer [9]), but here 
we are using Edge to edge-distance , and call it as Edge-distance. A formal definition is given 
bellow. 
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Definition 1.1. [9] For any connected graph G,, the Edge-to-edge-distance d2(e, f) (in short 
Edge-distance) between two edge e and f is the number of edges between (e — f) path. For any 
edge e in a connected graph G,, the Edge-eccentricity e2(e) of e is e2(e) = maz {d(e, f) : f € E(G)}. 
Any edge e for which e2(e) is minimum is called an Edge-central edge of G and the set of all 
Edge-central edges of G is the Edge-center Cog of G. Edge-diameter dog = max {e2(e)} and 
Edge-radius reg = min {eo(e)}. Any edge f for which e(e) = da(e, f) = deg is called an 
Edge-eccentric edge of e. 

The Edge-to-edge-eccentricities (or Edge-eccentricity) of the Figure 1 is shown in the Table 


Figure 1: A Graph of Edge-diameter dzg = 2 


€ Ee, €2 €3 €4 €5 €6 e€7 €g €9 


ey] 2) 2) 24S) ei Lie | ee 


Table 1: Showing an Edge-eccentricity of all the edges of Figure 1. 


For an arbitrarily fixed edge e in G and for any nonnegative integer j7, we let N;j[e] = 
{f € E(G) : do(e, f) = 7}, and N; = E(G) — E(€.) whenever j exceeds the eccentricity €(e) of 
e in the component € to which e belongs. Thus, if G is connected then, N;[e] = ¢ if and only 
if 7 > e(e). If G is a connected graph then the vectors é = (|Nol|e]], |Ni[e]], |Nale]|, ---, |Nece[el]) 
associated e € E(G) can be arranged as a q x (d2g +1) nonnegative integer matrix Dog given by 


Noles} |Nilea]l |Neleal] --  |Ner(e.)lerl| 0 0 0 
|Nolea]| |Niles]| |Nelea]]  -- ~ |Ne1(e2)l€2]| 0 0 
[Noleq]| |Nileg]| |Neleg]| -- as re we lMetes) leall 


where dq denotes the diameter of G; we call Dog edge-to-edge distance neighborhood pattern 
(or, Edge—dnp-matrix) of G. 

Example: 

If we consider the above Figure 1 then the below matrix gives Edge-dnp-matrix 
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Nole1|| = Nyle1|| =3  |Nolei|| = 2 
Nolea|| = N,leg|| = 4 |Nolea|| = 1 
Noles||=5 |Nile3||=4 |Neles3|| = 0 
Nolea]|=5 |Nilea|] =4 |Nele4|| = 0 
Dog = ||Noles]| =6 |Niles]|} =3  |Noeles]| = 0 
Noles||=6 |Niles||=3 |Neles|| = 0 
Nole7||=4 |Nile7|]}=4 |Nele7]]=1 
Noles|| = N,les|| = 3 |Noles|| = 2 
Noleo|| = N,[e9|} = 3 |Noleo]| = 1 


For a Edge-dnp-matrix the following observations are immediate. 
Observation 1.2. Entries in the first column of Doq corresponds to the nonzero entries. 
Observation 1.3. In each row of Dog, entry zero will be after the nonzero entries. 
Proposition 1.4. For each e € E(G) of a non-trivial connected graph G, {N;[e] : Nj [el 
# 6,0 <j < doc} gives a partition of E(G). 


Proof. If possible, let N;[e] M Nxle] = f, for some e, f € E(G) which implies do(e, f) = 7 and 
da(e, f) = k, and hence j = k. Therefore,N;[e] 1 Ni.[e] = ¢ for any (j,k) with 7 4 k. Now, 
clearly, Bisset N,le] G E(G). Also, for any f € E(G), since G is connected, do(e, f) = k, for 


some k € {0,1,2,...,dag}. That is, f € M,[e] for some & € {0,1,2,...,d2¢} which implies 
E(G) C US, Njle]. Hence U%?S, Nj[e] = E(G). 


=o =o 


Corollary 1.5. Each row of the Edge-dnp-matriz D2g of a graph G is the partition of 
E(G). Hence, sum of the entries in each row of the Edge-—dnp-matriz Dog of a graph G is equal 
to the number of edges of G. 


§2. M-distance Neighborhood Pattern Matrix of a Graph 


Given an arbitrary nonempty subset M C E(G) of G and for each e, f € E(G), de 
fine N}“[e] = {f€M:de,f) = j}; clearly then NP Oe = N;[e]. One can define the M- 
eccentricity of e as the largest integer for which NM [e] 4 ¢ and the q x (dog + 1) nonnegative 
integer matrix D}4 = (|N}“[e]|) is called the M-distance neighborhood pattern (or, M-Edge- 
dnp) matrix DY is obtained from Dey by replacing each nonzero entry by 1. B. D. Acarya 
[1] defined Edge—dnp-matrix of any graph and in particular, M-Edge—dnp matrix of dpd-graph 
as follows: 

Definition 2.1. [4] Let G = (V,E) be a given non-trivial connected simple (p,q)-graph, 
~@#M C E(G) ande € E(G). Then the M-Edge-distance-pattern of e is the set fiur(e) = 
{do(e, f): f € M}. Clearly, fur(e) = {7: NM [el # 6}. Hence, in particular, if fu: e 
fuc(e) is an injective function, then the set M is a Edge-distance-pattern distinguishing set ( 
or, a “Edge—dpd-set” is short) of G and if fur(e) — {0} is independent of the choice of e in G 
then M is an Edge-open distance-pattern uniform (or, Edge-odpu) set of G. A graph G with a 
dpd-set(Edge—odpu-set) is called a Edge—dpd-(Edge-odpu)-graph. 


24 Kishori P. Narayankar, S. B. Lokesh and H. 8. Ramane No. 2 


Following are some interesting results on M-Edge-dnp matrix of connected non-trivial 
graph G. 
Observation 2.2. Both D34 and D3¥ do not admit null rows. 


N ey a eg € M 
Proposition 2.3. For each e; € E(G), Ne“[e;] = led of 


0 ife; ¢ M 
Therefore, the entries in the first column of D3 will either be 0 or 1. 
; e, ife;e M 
Corollary 2.4. If G2 Kn, P2, Kn then NM [ei] = 
0 ife.¢M 


i.e For all graph of diameter dog = 1. 
Remark 2.5. It should note that Observation is not true in the case of D3. 
Lemma 2.6 is similar to Proposition 1.4. 
Lemma 2.6. For each e € E(G) of a non-trivial connected graph G, {.N;|e] : N;[e] 
# 6,0 <j < dog} gives a partition of E(G). 


Proof. If possible, let N;[e] M Nxle] = f, for some e, f € E(G) which implies d2(e, f) = 7 and 
da(e, f) = k, and hence j = k. Therefore,N;[{e] M Nile] = ¢ for any (j,k) with 7 # k. Now, 
clearly, Bas N,le] C E(G). Also, for any f € E(G), since G is connected, do(e, f) = k, for 
some k € {0,1,2,...,dag}. That is, f € NM,[e] for some & € {0,1,2,...,d2¢} which implies 
E(G) C U32S Nyle. Hence U32S, Nyle] = E(G). 


Corollary 2.6. Each row of D34 is a partition of |M|. 
Corollary 2.7. Sum of the entries in each row of D4, gives |M| and sum of the entries 


in each row of D3 is less than or equal to |M\. 


§3. M-Edge—distance Neighborhood Pattern Matrix of a 
distance Neighborhood Pattern Graph. 


In this section we find out some results of Div of a Edge-dpd-graph. From the definition 
of Die, we have the following observations. 

Observation 3.1. In any graph G, a nonempty M C E(G) is a Edge—dpd-set if and only 
if no two rows of D3 are identical. 

Observation 3.2. Jf any graph of dag < 1 then, Dog, Des and Do are all constant 
matrix. For Example G = Kn<3 or Ky,n-1.- 

Theorem 3.3. A Graph G & Py, of size m > 2 admits a Edge-dpd-set if and only if 
m>od. 


Proof. Case:1, Let G = P,, and m > 5. 
Let Py = (v1, €1, V2, €2; V3, C3; -+-;€m; Un, ) be a path on m edges. 
Let M = {e1,€2,e5}. Then 
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1 0 0 1 0 0 0 0 0 0 0 0 
1 0 1 0 0 0 0 0 0 0 0 O 
1 1 0 0 0 0 0 0 0 0 0 O 
1 1 1 0 0 0 0 0 0 0 0 0 
DiM = 1 0 1 1 0 0 0 0 0 0 0 O 
1 0 0 1 1 0 0 0 0 0 0 0 
0 1 0 0 1 1 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 1 1 0 
0 0 0 0 0 0 0 1 0 0 1 1 


Now, we can partition Dey in to two sub matrices say, A and B where A is a 5 x (dog +1) 


submatrix of the form 


1 0010 0 0 0 000 0 0 0 0 0 
1 01 0 0 0 0 0 000 0 0 0 0 0 
1 100 0 0 0 0 000 0 0 0 0 0 
1 1100 0 0 0 000 0 0 0 0 0 
1 0110 0 0 0 000 0 0 0 0 0 


Again we can find the 5 x 4 sub-matrix A; of A which is of the form 


Be RP FP BP Fe 
oO FF KF SO & 
>) 
Fe Oo fo O&O F&F 


The remaining entries of 5 x (dag — 3) submatrix A» of A has all the entries zero. 

And the sub matrix B of order (m—5) x (dag +1) has entries 1 only in the(m)!", (m—1)*", 
and (m — 4)" columns. Clearly we can observe that the rows of A and B of D3 are not 
identical, and hence {e1, e2, e5} form a Edge—dpd-set. 


Therefore, for any graph G & P,, of size m > 5 admits a Edge—dpd-set. 


Now to complete the proof we need to show that the P,, is not a Edge-dpd-graph for 
m<A4, 
Case: 2, Let G& P,, and m < 4. 
Proof follows directly from Lemma 3.8. 


Theorem 3.4. A cycleG=C*,, of order n admits a Edge—dpd-set if and only if n > 10 
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Proof. Let Cr, = (v1, €1, V2, €2, U3, C3, -++)€m; V1, ) be a cycle on n vertices. 
Case 1: n, is an even integer and > 8 
Let M = {e1, e2,e5}. Then 


1 0 0 1 0 0 0 0 0 0 0 0 
1 0 1 0 0 0 0 0 0 0 0 0 
1 1 0 0 0 0 0 0 0 0 0 0 
1 1 1 0 0 0 0 0 0 0 0 0 
1 0 1 1 0 0 0 0 0 0 0 0 
0 1 0 0 1 1 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 1 1 0 
Ds¥=| 0 0 0 0 0 0 Cc tf 2 -O@ @ 4 
0 0 0 0 0 0 0 0 1 0 1 1 
0 0 0 0 0 0 ic Oo @: a ay 7 
0 0 0 0 0 0 0 0 1 1 1 0 
0 0 0 0 0 0 0 1 1 0 0 41 
0 0 0 0 0 0 1 1 0 0 1 0 
Ct 1 ® @ 4 0 0 0 0 0 0 
1 1 0 0 1 0 0 0 0 0 0 0 


Now, we can partition DM in to four sub matrices say, A,B,C and D where A is a 


5 x (dog + 1) sub-matrix of the form 


1 0 0 1 0 0 000 0 0 0 
1 01 0 0 0 000 0 0 0 
1 10 0 0 0 000 0 0 0 
1 11 0 0 0 000 0 0 0 
1 01 1 0 0 000 0 0 0 


Again we can find the 5 x 4 sub-matrix A; in A which is of the form 
(aoe 2] 


0 
0 
0 
1 


eR RB FR 
(  —  —; 
SS Oo Oe. CS 
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Here the remaining entries of 4 x (dgg — 3) sub-matrix A» of A has all the entries zero 


The sub matrix B of order [58] x (deg + 1) of the form 


0 1 0 0 1 1 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 1 1 0 
0 0 0 0 0 0 0 1 0 0 1 1 


In this matrix B the entry 1 appears only in (m)!", (m—1)*”, (m—4)*" columns. 


And we choose sub matrix C' of order (n — 5 (n-8) [252]) x (deg +1) of the form 


000 0 0 0 000 0 1 1 
000 0 0 0 000 10 1 
000 0 0 0 00111 0 


Finally we can choose a submatrix D as ([25%]) x (dog + 1) of the form and its exactly 


reverse matrix of B 


0 0 0 0 0 0 0 1 1 0 0 1 
0 0 0 0 0 0 1 1 0 0 1 0 
0 1 1 0 0 1 0 0 0 0 0 O 
1 1 0 0 1 0 0 0 0 0 0 0 


Clearly we can observe that the rows of A,B,C and D of FB es are not identical. 
Therefore, for any graph G = C,, of order n > 10 admits a Edge—dpd-set. 

Case 2: n, an odd integer and > 11 

Let M = {e1,€2,e5}. Then 
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i oOo @ 2 & @ 0 0 0 0 0 0 
1 0 1 0 0 0 0 0 0 0 0 0 
1 1 0 0 0 0 0 0 0 0 0 0 
1 1 1 £0 +0 0 c f 8 Mt @ wg 
1 0 1 1 0 0 0 0 0 0 0 0 
0 1 0 0 1 21 0 0 0 0 0 0 
0 0 0 0 0 0 if a. - . OR 
Div=| 0 0 0 0 0 0 Ct © 0 @ 4 
0 0 0 0 0 0 Or. Gs. oR 
0 0 0 0 0 0 0 0 0 2 0 1 
0 0 0 0 0 0 0 0 1 1 1 0 
0 0 0 0 0 0 0 1 1 0 0 41 
0 0 0 0 0 0 t ft @& @ + 4 
0 1 1 0 0 1 0 0 0 0 0 
1 1 0 0 1 0 0 0 0 0 0 0 


Now, we can partition Dae in to four sub matrices say, A,B,C and D where A is a 
5 x (dog + 1) sub-matrix of the form 


1 0 0 1 0 0 000 0 0 0 
1 01 0 0 0 000 0 0 0 
1 10 0 0 0 000 0 0 0 
1 11 0 0 0 000 0 0 0 
1 0 1 1 0 0 000 0 0 0 


Again we can find the 5 x 4 sub-matrix A, in A which is of the form 
[too] 


0 
0 
0 
1 


ee Re 
oo = SoS & 
Ee Fe OF oO 


Here the remaining entries of 5 x (dzg — 3) sub-matrix Az of A has all the entries zero 
The sub matrix B of order [ey x (dag + 1) of the form 
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0 1 0 0 1 1 0 0 0 0 0 0 ] 
0 0 0 0 0 0 i € Oo tt Tf 6 
0 0 0 0 0 0 0 1 0 0 1 41 


In this matrix B the entry 1 appears only in (m)!", (m—1)*”, (m— 4)‘ columns. 


And we choose sub matrix C' of order (n — 5 (n—9) [252]) x (deg +1) of the form 


000 0 0 0 0010 0 1 
000 0 0 0 00011 1 
000 0 0 0 001 1 0 0 
000 0 0 0 00011 1 


Finally we can choose a submatrix D as (["5%]) x (dog + 1) of the form and its exactly 


reverse matrix of B 


0 0 0 0 0 O -- O 1 1 0 0 1 
0 0 0 0 0 O -. 1 1 0 0 1 0 
0 1 1 0 0 1 ::- 0 0 0 0 0 0 
1 1 0 0 1 O -:- O 0 0 0 0 0 


Clearly we can observe that the rows of A,B,C and D of reLes are not identical. 


Therefore, for any graph G = C,, of order n > 11 admits a Edge—dpd-set. 


Theorem 3.6. For any graph G = (V,G) there exists no Edge-dpd-set M of cardinality 
2. 


Proof. Suppose there exists a Edge-dpd-graph with |M| = 2, say e and f. 

If these e and f are adjacent then d2(e, f) = 0 = do(f,e), then D3¥/ contains a sub matrix 
[2 x (dag + 1)] so that the rows of submatrix represents the M-Edge-—dnp of the edges e and f 
in bee that is entry 1 is at the first column of submatrix and the rows are as shown in below 


If these two edges are independent edges then the rows of the submatrix D3} is as shown below 


and here the entry 1 appears only at the first and (do(e, f) + 1)" columns, and the rows will 
be of the following form 


Hence, Di¥ contains identical rows and so M is not a Edge—dpd-set. 
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Lemma 3.6. IfG& P,, of sizem > 2 admits a Edge-dpd set then 3 < |M|<m-—2. 
Proof. we need to prove that the result is not true for |M| = 2 and |M|>m-1 


Case;-1. If |M| = 2 the proof fallows from theorem 
Case;-2.1, If |MZ| = m, consider path on size 3 and let M = {e1, e2,e3} =m, then 


aM _ 
D3Gg = 


oOo wo wv 
a a 


It is clear that two rows are identical. 

Case;-2.2, If |M| = m —1 consider path on size 4 and for any choice of |M| = 3 = m-—1, 
let My = {e1, €2,e3}, Mo = {e1, €2,e4}, M3 = {e2,e3,e4}, Ma = {e1, e3,e4} Edge—-dnp-matrix 
Dy shown bellow respectively, 


11.0 101 
pein fo 2 _ pie 110 
11.0 110 
tt a - i a 
in a a 
pen 11.0 | pin 110 
110 10.0 
1: Oi it Lt % 


It is observe that two of its rows are identical for any choice of |M| =m -—1. 


Theorem 3.7. If G is a Edge—dpd-graph with |M| = 3 then the edges should be at distinct 


distances from each other. 


Proof. Let G be a Edge-dpd-graph with Edge—dpd-set |M| = {e1, e2,e3}. Consider d2(e1, e2) = 
ky, do(e2, e3) = ke, do(e1, e3) = kz. 
Case:-1- 

If do(e1, €2) = do(€2, e€3) = do(e1, €3) = k. 
The sub matrices 3 x (d2q +1) represented by edges e1, e2 and e3 respectively of D3! will have 
the entry 1 at first and (k + 1)th column, 


1.e 


1 0 0 1 0 0 
LS) 1 a 0 1 0 0 
1 0 0 1 0 0 
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It is observe that DY contains identical rows and hence M is not Edge—dpd-set 
Case:-2- If ky # kp = kz Here also the submatrix (2 x dg + 1) represented by e; and e2 
respectively have the entry 1 at the first, (k; + 1)th and (ks + 1)th column, then 


aM _ 
Dog = 


Case:-3- If ky # ko # kg 
The sub matrices 3 x (dag +1) represented by edges e1, e2 and e3 respectively in D3¢/ have 
the entry 1 at first, and (k; + 1)th, (k2 + 1)th, and (k3 + 1)th columns, 


1 0 0 1 0 OC 0 ie © £0 0 
Ds =|] 1 0 01 0 (- 1 ieee, 6-0 0 
1 0 0 0 0 0 1 te O41 o 0 


It is possible to form a Edge-dpd-set M with |M| = 3. 


Here these is not a sufficient condition for M to be a Edge—dpd-set. 
For Example Consider path on size 5 i.e {v1 e102e203e304e4U5e5U6} and M = {e1, e2,e4}. 
Lemma 3.8. If G of size m > 2 admits a Edge-dpd set then 3 < |M| < m-—2. 


Proof. we need to prove that the result is not true for |M| = 2 and |M|>m-1 

Case;-1. If |M| = 2. 

The proof fallows from Theorem 3.5. 

Case;-2. If |M| >m—1. 

We know that for any graph G of size m > 2 has at least two diametral edge, then for any 
choice of |M| > m—1 in D3¥ the sub matrix of these diametral edges have the same entry in 


each column. Because No(e) > 2. 


Theorem For any graph E(G) is a Edge-dpd set if and only if G& Kg. 


Proof. If G = Ko, then Edge—-dpd-set of kz = e; and e(k2) = {e}. 


For Converse. If M = E(G) in D3 is a square matrix its row and column have same 


element and G has exactly one row and column hence G = Ko. 


Corollary The complete graph K,, posses a Edge-dpd set if and only if n = 2. 
Corollary Complete bipartite graph Km posses a Edge—dpd-set if and only ifm =n = 1. 
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Abstract The present paper deals with the class K of entire functions represented by Dirich- 


let series in two variables s1, 52 for which 


c1(Am+bhn) {eo(m+n)—c1 }(Amt+bn) 
Ona) e lla, nll 


is bounded. Various results on Division Algebra, Topological Zero Divisor and Continuous 


linear Functional are then established for the set K. 


Keywords Dirichlet series, Banach algebra, topological zero divisor, division algebra, continuous lin- 


ear functional. 
2010 Mathematics Subject Classification 30B50, 46J15, 47A10, 46A11, 54D65. 


§1. Introduction and preliminaries 


Let s 
Gua) = > tag eer, (sj = 05 + 1tj, jf =1,2) (1) 


myn=l1 
be a Dirichlet series of two complex variables s; and sg. Let E be a commutative Banach 
Algebra such that @mn’s € E. Also \m’s, [n's € R satisfying 
0O< Ay < Ag <<... << Am 7 CO ASM —> C 


and =O < ply < fg <... < fn 7 CO aSN— OO. 


If 
log(m + n) 
lims =L< 2 
ea a i 
and 1 
lim sup 08 [|¢m nll = (3) 
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Then from [2], the series (1) represents an entire function. Let K be a class of entire functions 
represented by series (1) for which 


c1(Am+bn) e{c2(mt+n)—c1}(Am+Hn) 
Am + pn) e€ \|am,nl| 


is bounded where c,,c2 > 0 and cj, cz are simultaneously not zero. It is also clear that K 
defines a linear space over C?. Let 


f(si, 82) 3 Cake e(AmsitHns2) 


mn=1 


ane glass) => bmn e(AmsitHns2) 


mn=1 


then the binary operations in Kk are defined as follows 


F(s1, 82) + 9(81,82) = S- (Gis +4 | e(Amsitbnsa) 
mn=1 
E.f (81, S2) = S- (€.dmn) em $i ttnsa) 
m,n=1 


f (81, 82). g( 81, 82) = 5 {( ks Av iy youl AmtHn) e{e2(mtn)—c1}(Am+pHn) mn Dm. nt ems tm 82) , 


mn=l1 


The norm in K is defined as 


WF = De ee) eter) Sede? | a il (4) 


m,n=1 


During the last two decades a lot of research has been done in the field of Dirichlet series 
and many important results have been proved wherein a result showed that every entire function 
can be represented in the form of Dirichlet series but this representation is not unique. Daoud 
in his papers [2]- [3] considered a function of two variables represented by Dirichlet series and 
proved results which could be easily extended to finite number of variables. Kamthan in [5] 
considered different classes of entire functions represented by Dirichlet series in several variables 
and gave different characterizations of continuous linear functionals. 

Hussein and Srivastava in their paper [4] discussed bornological properties of the space of 
entire functions of several complex variables. Behnam and Srivastava in [1] equipped the space 
of several complex variables with natural locally convex topology and proved it to be Frechet 
space. Also they gave different representations of continuous linear functionals. 

So far many authors considered set of entire functions with weighted norms and studied 
results on it. Kumar and Manocha in [6] generalized the condition of weighted norm for a 
Dirichlet series of one variable and thus established some results. Present work is an extension 
of [6] to a Dirichlet series of two complex variables defined by (1). The purpose of this paper is 
to give a broader view to the study of Dirichlet series in two variables. 
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§2. Main Results 


In this section main results are proved. For the definitions of terms used refer [7]- [8]. 


Theorem 2.1. K is a commutative Banach algebra with identity. 


Proof. In order to prove this theorem we need to show that K is complete under the norm 
defined in (4). Let {f,,} be any cauchy sequence in K where 


oe) 

r AmS$itbns 

fry ($1; 82) = S alt) ef ie 
m,n=1 


Then for a given € > 0 we can find a constant r > 1 such that 


lie teal eV tyre 


that is 
SY) Oma + pin) tOmtnd efealmtn)—cr} mtn) lait) — af2)|| <e V rayne >r. 
mn=1 


This shows that fast) } forms a cauchy sequence in a Banach space F for all values of m,n > 1. 
Hence 


: (m1) _ 
J Onin = Amn Vm,n> I. 


Letting rg —- oo, 
co 


S- (Am +4 [no Am ton) elc2(m+n)—c1}Am+un) Jao) = Am,n| <ev T1 >r. 


myn=l1 
Thus f,, — f as r1 — oo. Also 
ye (ane [not Amt Hn) efea(m+n)—er}Am+tHn) |g nll < 


mn=1 
SS (Am + jig Peet ed oleate ca net ie) |g) —Omnl| + 
mn=1 
> (Am + [n) ot Am ten) elc2(m+n)—e1}Am+Hn) Jal") | < Ow. 
mn=1 
The identity element in K is 
e(s}, 89) = > Cram iin) me re) eler—c2(m+n)}Am+un) eAmsitbnsa) 


myn=1 


Now if f,g © k then 


[fal Sy i pig een eee. 


mn=1 


[|(Am + pn) 2m tn) efealntn) cH rm tt) ann Bmanll SII l-llgll 


This proves the theorem. 
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Theorem 2.2. The function f(s1, 82) = S- Gm,.n eAmsitHns2) is invertible in K if and 
m,n=1 
only if 
| re One Ln) 2 Am +Hn) eler—ca(mtn)}(Am+Hn) 1} 


is a bounded sequence where dm,n 1s the inverse of amn- 


Proof. Let f(s1,82) € K be invertible and g(s,, 52) = S- Drei eAmsitins2) be its inverse. 


mn=1 


Then f(s1, $2).9($1, 82) = e(s1, 82). Therefore 


(Amt) 2m tom) efea(m+n)—e1 }Am+Hn) Onn Orn = Cra n(Amtbn) 2 Om tHe) efer—c2(m-tn)} m+n) 


which implies 


Om+bn) 2 Om tHe) efealmtn)—er}m+ndb = Em nf (Am+pn) ot Am tHe) elealmtn)—er}AmtHn) a at 


This further implies 


Ow [not Am +n) efer(m-n)—c1}(Am+Hn) eee 


[heerecait Are i [not Amt Hn) efer(mtn)—e1}Am+ un) a ae| 


n 
which is equivalent to 


zane eon of bn) 02 Am +Hn) efer—ca(m+n)}(Am+Hn) | 


and is a bounded sequence since g(s1, 82) € K. 
Conversely suppose {||dimjn (Am + fn) 72 Om tHn) efer—e2(mtn) }(Am+Hn) |} be a bounded se- 


quence. Define g(s1, $2) such that 


Co 
9(81, 82) = S- Blam +4 jeg NCR Nek ees ernie) Ge eiAmsitHns2) 
mn=1 


Clearly g(s1, 2) € K. Further 


Co 


f (81, 82)-9(81, 82) = S- {(@mn€mn(Am + a ee ee eee erg 


mn=l1 


(Am + [not Am +n) efer(m-n)—e1 }Am+ Hn) } e(Am $1 tin s2) = e(s1, $2) 


Hence the theorem. 


Theorem 2.3. A necessary and a sufficient condition that an element f(s1, 82) € K be a 


topological zero divisor is 


lim On af: [nt Am tHe) efc2(mtn)—c1}(Am+Hn) lam nll —0. 


m,n—-oo 
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Proof. Let the given condition holds. Construct a sequence {gm,n} such that 


Grnn(81, 82) = > mat fin) Om tin) fer ea entn)} mt tin) em sittin 82) 


mn=1 


Thus for all m,n > 1, gman € K and ||gm n|| = 1. Now 


f (81, $2)-Gm,n(S1, $2) = 9m,n(81, $2). (81, $2) 
= S- Om mem s1 Hm 52) 
m,n=1 
Therefore 
Ilf-9m.nll = Il9m.n-f ll = »; Orn + bn) Omtin) efeztmtn)—ertAmt+in) lan nll 
m,n=1 


As m,n — oo, 
Il f-9m,nl| = lm, n-F| = 
Thus f(s, sg) is a topological zero divisor. 
Conversely suppose the given condition is not true that is 


lim m+ [in )LOmt Hn) elc2(m+n)—c1}(Am+Hn) |@m.n|l = 8>0 


m,n—-0o 


Then given y with 0 < y < ( we can find integers no > 1 , mo > 1 such that for all n > no , 
m>mo 
Ge $ pin) orm ten) elca(m+n)—e1 }(Am+Hn) \|Qm,n|| > 8-4 


hold true. Also since f(s1, $2) is a topological zero divisor therefore there exists an arbitrary 
sequence {9n,,n.} of elements in K with unit norm such that for all 
hy, hz > 1 one has 


Co 
— Xr + 
Jha hy ($1, $2) = : Dhi,ho ef fh ettig ea) 
hy,ho=1 
which implies 
lo e) 
Xr I hg)- a 
y Onn re hy tbh) elc2(hithe) ci} (An, +Hag) llbns nol =e 
hi ,ho=1 


Next, for € such that 0 < € < 1 there exists integers Np,.n5,Mn,,n. and subsequences {n;} of 
sequence of indices {n} and {m,;} of sequence of indices {m} such that 


Am +4 [nt Am tHe) EN EEN ii Sic | >l-e 


forall n =n; > Naynz, M= ™M; > May ho- 
This implies 


(ys re Ln) 2 Am tHe) efe2(mtn)—cr }Am+Hm) fd, ie [py )LOmtHn) efe2(m+n)—cr}OAmt un) y 
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l@m,n-Pma, rng | >c> 0 forall n; > Nhy,ho» mm, => Mh, ,ho- 


Therefore 
Il f($1, $2)-Ghi,ho ($1, $2)|| ~ 0 


which is a contradiction. Hence the theorem. 


Theorem 2.4. K is not a Division Algebra. 


Proof. Let 
h(s1, $2) = S- {(m + n)} Am + [n) 2 Am t+Hm) eter —c2(m+n)} (Am+Hn) e(AmsitHns2) 
m,n=l1 


Clearly h(s,, 82) € K and does not possess inverse in K. Let if possible 


Co 


/ _ Ams$itpns2 
2'(81, 82) = ) Zm,n e 1+Hns2) 


m,n=1 
be its inverse. Hence h(s1, 82).2’($1, $2) = e(51, 82). This implies 


Zmn = Cm (M+ 1) (Am + in) Am tHe) efer—ca(mtn)}Am+Hn) does not belong to K. 


This completes the proof of the theorem. 


Theorem 2.5. Every continuous linear functional 0: K — E is of the form 


O(f) = S- Cie Le ee Am + [in )o2 Am ton) elc2(m+n)—e1}Am+Hn) 


m,n=1 


where 
Co 
f(t; S2) = S- am,n e(Amsit+insa) 


m,n=1 


and {lmn} is a bounded sequence in E. 


Proof. Let us first assume that 6: K — E be a continuous linear functional. Since @ is 


continuous, 
Af) = OC ii ey 
a ee, 
where 
M,N 
fEO*) (51, 89) _ S- Amn Ems tin 82) | 
m,n=1 


Let us define a sequence { fm n}C K as 


fmn(81,82) = Om + pin) 7 Am ten) eler—ca(mtn)}(Amt+Hn) 6 Ams1+Hn $2) 


Therefore 


M,N 


Of) = OC im ye Wau + fn) OAmtHn) elea(mtn)—ci}Amtun) fo) 
: mn=l1 
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M,N 
= tim > amin Am t fin) tOm tHe) efealmtn)—cr}OmtHn) 9 finn). 


M,N-co 
mn=l1 


Since @ is a linear functional therefore 


O(fmin) = bn: 
This implies 
M,N 
O(f) = es 25 teal mt [in OL AmtHn) elealmtn)—er}Am+Hm) 


We now show that {ln.,} is a bounded sequence in E. 
I[’m,n|] = !0CFmn)Il < Tl Fr,nll 
and || fm,n|| = 1 which further implies 
I[lmm,n|] << 7- 


Thus {lm} is a bounded sequence in E. 
Conversely let {lm,n} be a bounded sequence in E satisfying 


O(f) = S- Qn ban o Am + [no Am tm) elc2(m+n)—e1}Amtbn) 
m,n=1 
Then, @ is well defined and linear. Now 


aA = 2 |@m,n bm nll (Am fig eter es alan 


m,n=1 
< > llama rll [|tm,nl Om + bn) OmtHn) elc2(m+n)—c1}(Amt+bn) 


mn=1 


< rifll- 
Thus @ is a continuous linear functional which proves the theorem. 
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81. Introduction 


Let f(z) be a primitive holomorphic cusp form of even integral weight k > 2 for the full 
modular group SL(2,Z). The Fourier series expansion of f(z) at infinity is 


f(z) = So af(n)n e(nz) 


for ts > 0. Moreover, we assume that f(z) is a normalized Hecke eigenform such that a¢(1) = 1. 


It is known that af(n) satisfies the Ramanujan-Petersson conjecture, proved by Deligne [2]: 
la(n)| < d(n), 


where d(n) is the divisor function. If f(z) is a Maass cusp form for SZ(2,Z) with Laplace 


eigenvalue + +r?, then its Fourier expansion at infinity is 


f(z) =2Vy>_ ag(n) Kir(2n|n|y)e(na), 
n#£0 
where Kj, denotes the K-Bessel function and af(1) = 1. In contrast with holomorphic cusp 
form, the Ramanujan-Petersson conjecture for Maass cusp form, has not been proved yet. The 
best record till now is as(n) < nea+*, which is due to Kim and Sarnak [7]. 
For o = ¥s > 1, let L(f,s) be the corresponding Hecke L-function associated to f(z), then 


L(f,8) = $5 ap(n)n~* = [J - ag(p)p*) “(1 — Bg (pp), (1.1) 


n=1 p 
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where ay(p) and 8,(p) are local roots at p, and 
af(p) + Br(p) =az(p), af (p)B¢(p) = 1. 
Taking logarithmic differentiation in (1.1), we have 
L! ~ 
arte s) = S- A(n, f)n™, 
n=1 


where 


(az (p*) + Bs(p*)) logp, n= p*; 


0, otherwise. 


A(n, f) = 
With an additive character e(a,/n), a > 0, we have 


S;(z)= D> Aln, fle(avn), 


e<n<2a 


where x > 2. Note that 


S-(x) = S- af(p) log p e(ax/p) + O(a? log x). 


a<p<2x 


It should be mentioned that Lao [8] has studied the exponential sums over primes connected 
with the coefficients of holomorphic cusp forms. She showed that 


Sp(a)= D2 An, fe(avn) « v8. 


e<nc2a 


In this paper we want to study the mean value estimate for the coefficients of Maass cusp 
forms in exponential sums over primes. 

Another reason we study the problem is from Vinogradov’s exponential sums over primes. 
Vinogradov [13] is the first person to study the following sum 


S(e)= > A(nje(avin), 


e<n<2a 


where A(n) refers to the Mangoldt function. And it was shown that 
S(a)< get’, 
Later, Iwaniec and Kowalski [6] obtained a better result 
S(a) « wet, 
Ren [9] made a further study with a new method and found that 
S(a) « a5 **, 


The main aim of this paper is to prove 
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Theorem 1.1. Let f(z) be a Maass cusp form for the group SL(2,Z), and assume that it 
satisfies the Ramanujan-Petersson conjecture. For any a >0 and any sufficiently small e > 0, 
we have 

Spa)= SP Alm fle(avn) « a8, 
a<n<2e 


where the implied constant depends on a and f(z). 


§2. Preliminaries 


First we recall some basic notations and knowledge. We use L(f,s) to denote any nor- 
malized L-function. It is well-known that when o = ¥ts > 1, all its nontrivial zeros are in the 
critical strip 0 < 0 = Rs < 1. However the Grand Riemann Hypothesis asserts that they all lie 
on the critical line Rs = $. 

In the absence of a proof of the Grand Riemann Hypothesis, it is natural to ask how many 


zeros of a given L-function can lie off the critical line 0 = 5. Therefore we define 
N1(T) = #{e = 8 +77: Llp, f) =0,|7| < T} (2.1) 


Ni (0,T) := #Hp=6B+t7: L(p, f) =0,0 <8 <1,\y <TH (2.2) 
where 4 <o<landT > 3. As we all know, zero-density theorems for Z-functions to the right 
of the critical line are objects of intensive studies in analytic number theory. These results have 
been established by many mathematicians for various L-functions. 

For the Riemann zeta-function ¢(s), Ingham [5] showed that 


3(1—c) 


Ne(o,T) <T = (logT)’, 


this result was further refined as 


12(1—c) 


Ne(o,T) KT = (log T)'. 


See [3] for details. 
For the Dirichlet Z-function, Bombieri [1] stated that when T < Q, 


S> SNe.) K TQ (log Q)", 


qsQ x 


o* 
where )> means that the sum is over primitive characters. 


x 
If f(z) is a holomorphic cusp form, we quote Ivic’s result [4], which stated that 


=o 1 3 
Ni(o,T) «TS +, for = <0 <5; 
2-20 3 
Ni(o,T)<Te **, for Fso<l 


If f(z) is a primitive Maass cusp form for SL(2,Z) with Laplace eigenvalue i +r”, we have 
known that 
Nz(o,T) < TlogT, for 


(2.3) 
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Sankaranarayanan and Sengupta [10] obtained a result for Maass cusp form for SL(2,Z), 
which showed that 


(mo) 4 1 
Ni(0,T) «KT 32 ™, for ~+—<o<l. (2.4) 
0g 


Later, Xu [14] improved the previous result (2.4) when o € [, 1), 


Niger aeee, fr 2 2¢ei. (2.5) 
7Scs ; 


On the basis of Xu, Tang [12] obtained a better estimate for Nz(o,T), 


Ni (o,T) 


we for : <a0<1-6, (2.6) 


for arbitrarily small eg > 0. 
In order to get the results we want, we assume f(z) satisfies the Ramanujan-Petersson 


conjecture. Derive (using Perron’s formula) the following approximate expansion 


=o At f) =- S- Ra, (2.7) 


ne lol<v 


where R(x,T) = O(F log? x) and p = 6 + i7 runs over the zeros of L(f,s) in the critical strip 
of height up to T, with 1 < T < 2, and the implied constant is absolute. See [6] for details. 

We also need the following result. 

Lemma 2.1. Let F(x) and G(x) be real functions in [a,b] with G(x) and 1/F’(x) mono- 
tonic. Suppose that |G(a)| < M. 

(iif F’(x) >u>0or F(x) < -u <0, then 


[ G(x \yda<« = (2.8) 


(ii) If F’ (x) > v >0 or F(x) < —v <0, then 


M 
[ G(« \da< ir (2.9) 


See [11] for details. 


§3. Proof of Theorem 1.1. 


Integrating by parts, we have 


22 
= At fetaya) =f eavaja de a(n, f), 
a<Nn<2x n<u 
then applying the explicit formula in (2.7), we get 


-»> [ow : clavajdut fo e(av/u)dR(u, T). (3.1) 


ly|<T 
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The error term above is bounded by 
22 
/ e(av/u)dR(u, T) < (1+ lala?) = log? x. 
On taking 
T =(14+nla|x?)x, (3.2) 
we find that the error term in (3.1) is O(x# log? x), which is obviously acceptable. 
To prove the Theorem, it suffices to show that 
2x . 
> / uP te(ar/u)du K ver, (3.3) 
list °* 
Making change of variable \/u = v in (3.3), we have 
ll 
2x ; (2x) 2 l 
/ uP ty! e(an/u)du = 2f vl e(av + pe ie, 
x uz T 
By Lemma 2.1, the last integral satisfies 
1 1 
B . 
<x’ min{1, : , } 
_ min | |y+mavl’ /|4| 
x2 <v<(2x)2 
— < 2n|a|(2x)2; 
cat Gamahe 1S 2lel@e) 
a, 2nlal(22)# <4 <T. 
Thus, 
20 
> / uP te(ar/u)du (3.4) 


ly|<T 
<— Ss @ 5S = 
a x 
(1+ lalx2)2 ; : 1+|9| 
|y|<2n|a| (2x) 2 2rla| (2x) 2 <|y|<T 
= $,+ So. 


Now, we define a new function 


1 
F(u, B) = : 


By (2.1), we have 


aD ah = Y tose [adn t1 


lvi<t lyl<t ° 


1 
= N,(t)+loga S- | x" F(u, B)du. 
0 


lylsé 
From the definitions of F'(u, 3) and Nz(u,t), we have 


>) 8) =NrGs,2). 


ly|<t 
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Therefore we get 
1 
S- a? = Nz,(t)+ log. f x“ Nz(u,t)du 
lyst 
1 1 
= Nz, (t) + log f x’ Nz(u,t)du+ log f x Nz(u,t)du 
” 2 
: 1 
< x?tlogt+ log f x" Nz, (u,t)du, 
al: 
2 
where we have used the fact that, forO<u< $, 
Nrz(u,t) < Nz (t) < tlogt. 
From (2.5) and (2.6), we can get 
3 
Nz(u,t) << por, for Z <u<1l-—eo; (3.5) 
Nilup< eee, for l-eg<u<l, (3.6) 
for arbitrarily small €9 > 0. 
Using (2.3), (2.4), (3.5) and (3.6), we find that 
otis a 4(1-u) 
soe a < httogt toes f x"tlogt du+loge | gut 3m t§ dy 
ly|<t a+ 
1-—€o 8 1 
+ log of 2't30-) + dy + log cf ep dy 
3 1—€o 
1, 1 4 4(1-u) tp 8 (1 
< citnirtlogt +loge [ uit 3-2 *dutloge | atsA-Wt dy 
at ipet 7 
1 
+ loge [ gpl de 
1-—<e9 
< zit wrttlogt+ loge | max _ gt'tsaae te t+logz max x%ts(-ute 
5 tier Sus9 3<u<l—eo 
+loge max  xvpl-u)te, (3.7) 


l-—eg<u<l 


Now we estimate $. Taking t = 2r|a|(2x)2 in (3.7), we have 


oS Ss of 


~ (1+ |alx2)2 ; 
|y|<2r|a| (2x) 2 


2a- 


_1 ee ae 
<ait?tlogr max ett ze ~at€ 4 loge max gtts(-u)-ate 


$+ 


Tost Sus4 3 <u<1—e9 


t+logz max  g@t3G-u-ate, 
l-eg<u<l 


Note that 
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max (u-4 l-wu 
amex (wt GL) — 3 


max 
l-eg<u<l 


Taking €9 = é which is obviously acceptable, then we obtain 
Sy « x8t, 


Now we estimate S2, we have 


B 


x oe B 
) Ta bl < log z max t y re 
1 a ly 2Qrla|(2x) 2 <t<T ly|~t 
2rla|(2x)2 <|y|<T zi 
Using the same method, we obtain 
ah 
ae 
: ele 
Qn |a| (2x)? <|y|<T 
a 4(1—u) _ 
<x2t§ + loge max max vf 3-24 —1 Fe 
i oe aoe el ee 
2rla|(2Qx)2 <t<T 27 loge =U=4 
1 BG=) 4.6 
+ log x max max «at 3 


1 3 
Anla|(2x)? <t<T TSUS1—€0 


+loga max max g@P- 1, 


1 = 
Qrla|(2x)2<t<T 1-e0Su<l 


According to 
a) eo 


1 1 3 
3—-2u a+ jet SUS GS 
St) 1 <0, 3 <u<l-€0; 
3(1-—u)-1<0, l-e <uK<l, 
we have B 
x 
So= — 
» 1+ ll 
Qn |a| (2x)? <|yl<T 
Kat? tlog2 max atts —2+© 4 loge max att orate 
3+ ee Sus? 7SuS1—eo 
+loga max gira ate, 
l-—eg<u<l 
Note that 
21-—u) 1 7 
max (u4 )=7 
44 <us3 3 — 2u 2 12 
1 7 
max (u+<(l-—wu =.=, 
paar (ut 3-0) ~ 5) = 35 
3 1 1 E09 
1 =r. : 
eee - | y) ) 2 2 
Taking €9 = a then we obtain 


So<« aut, 
From (3.4), (3.8) and (3.9), we complete the proof of Theorem 1.1. 
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§1. Introduction and preliminaries 


Lucas polynomials 


The sequence of Lucas polynomials is a sequence of polynomials defined by the recurrence 


relation 


22° = » if n=0 
Ln(z)=4 lat=a », if n=l (1.1) 
2) Dn—1(2) + 2° Ln_2(2) » if n>2 


The first few Lucas polynomials are: 


Lo() =2 
Ii(a)=2 
Lo(x) = 2? +2 


L3(2) = 2° + 32 
L4(x) = x + 4x? +2 
The ordinary generating function of the Lucas polynomials is 


2— at 


Se er (1.2) 


Gen => ane 
n=0 
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Polylogarithm 


The polylogarithm is a special function Li,(z) that is defined by the infinite sum, or power 
series: 


co gk 
Li.(z) => 3 (1.3) 
k=1 


It is in general not an elementary function, unlike the related logarithm function. The above 
definition is valid for all complex values of the order s and the argument z where] z |< 1. The 
polylogarithm is defined over a larger range of z than the above definition allows by the process 
of analytic continuation. 

The special case s = 1 involves the ordinary natural logarithm (Li,(z) = —In(1 — z)) while 
the special cases s = 2 and s = 3 are called the dilogarithm (also referred to as Spence’s 
function) and trilogarithm respectively. The name of the function comes from the fact that it 
may alternatively be defined as the repeated integral of itself, namely that 


li, = i. Distt) oy (1.4) 
0 t 

Thus the dilogarithm is an integral of the logarithm, and so on. For nonpositive integer orders 
s, the polylogarithm is a rational function. 

The polylogarithm also arises in the closed form of the integral of the Fermi-Derac distribu- 
tion and the Bose-Einstein distribution and is sometimes known as the Fermi-Derac integral or 
Bose-Einstein integral. Polylogarithms should not be confused with polylogarithmic functions 
nor with the offset logarithmic integral which has a similar notation. 


Generalized Hypergeometric Functtions 


A generalized hypergeometric function ,Fy(a1, ...dp; 61, ...bg; Z) is a function which can be 
defined in the form of a hypergeometric series, i.e., a series for which the ratio of successive 


terms can be written 


cepa _ PCR) _ (+ a)(kK+a2)..(b+ ay) Aa 
ce. O@(k)~— (kK +0i)(K + 0y)...(k+bg)(k+1) 


Where & + 1 in the denominator is present for historical reasons of notation, and the resulting 


generalized hypergeometric function is written 


@1,42,°°* ,Aap 5 ( ) ( ) ( ) ” 
a a oH z 
ae . => 1)k\@2)k p)k (1.6) 
by, b2,-++ , bg 5 


or 


(1.7) 


Vol. 11 Certain indefinite integrals involving Lucas polynomials 51 


where the parameters 6j,b2,--- ,bg are neither zero nor negative integers and p, q are non- 
negative integers. 

The ,F, series converges for all finite z if p < q, converges for | z |< 1 if p # q +1, diverges for 
allz,z#40ifp>q+l1. 


The ,Fy series absolutely converges for | z |= 1 if R(¢) < 0 , conditionally converges for 
P q 
|z|=1,z240if0< R(¢) <1, diverges for | z|=1, if 1 < R(¢),¢= Do ai — YOY. 
i=l i=0 


The function 2F(a,b; cz) corresponding to p = 2,q = 1, is the first hypergeometric function 
to be studied (and, in general, arises the most frequently in physical problems), and so is fre- 
quently known as ”the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric 
function (Gauss 1812, Barnes 1908). To confuse matters even more, the term ” hypergeometric 
function” is less commonly used to mean closed form, and ” hypergeometric series” is sometimes 
used to mean hypergeometric function. 
The hypergeometric functions are solutions of Gaussian hypergeometric linear differential equa- 
tion of second order 

2(1 — z)y” + [e— (a+b+4 l)zly’ — aby =0 (1.8) 


The solution of this equation is 


ab a(a+1)b(b+1) 5 
= A al | | posse eee 1.9 
- o| ec 2! c(c +1) 7 ne) 
This is the so-called regular solution,denoted 
ab a(a+1)b(b+1) 5 (a), (b),2* 
F: bc; z) = JL + —— 2 + tee = TT 1.10 
2Fi(a,bses2) = [1+ 7 oe? Weert, © i> ()ak! a 


which converges if c is not a negative integer for all of | z |< 1 and on the unit circle | z |= 1 if 
R(c—a—b)>0. 


It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a), or 


generalized factorial function. 


Many of the common mathematical functions can be expressed in terms of the hypergeo- 
metric function, or as limiting cases of it. Some typical examples are 


(1 — z)~° = 2 2F\ (1,1; 2; —z) (1.11) 
113 

an-) 7 = 7 oF (2. 1.3.52 1.12 

sin z= 2 2Fi(5, 53557) (1.12) 


The special case of (1.3.4) when a = c and b = 1, or a = 1 and b = ¢, yields the elementary 


geometric series 


n=0 
Hence the term “Hypergeometric” is given. The term hypergeometric was first used by Wallis 


in his work “Arithmetrica Infinitorum”. Hypergeometric series or more precisely Gauss series 
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is due to Carl Friedrich Gauss(1777-1855) who in year 1812 introduced and studied this series 
in his thesis presented at Gottingen and gave the F-notation for it. Here z is a real or complex 
variable. If c is zero or negative integer, the series (1.10) does not exist and hence the function 
2F\(a,b; c; z) is not defined unless one of the parameters a or 0 is also a negative integer such 
that —c < —a. If either of the parameters a or b is a negative integer, say —m then in this case 
(1.10) reduce to the hypergeometric polynomial defined as 


A . (=m)n(b)n 2” 
2F,(—m, b; ¢; z) = » Ee (1.14) 
Hypergeometric Function of Second Kind 
a,b 3 
T(1 —c) 
G(a, b; c; z) = F 
(a, 56 2) (a e+1)I(b eon." 1 az + 
Cc % 
) ghia l+a-c,l+b-c ; 
Tie—1) 2° 
FE. 1.15 
“Tere ~ : oi 
2-—C¢ ; 
where c # 0,+1,+2,. 
G(a,b; ¢ z) = 20-9 G1 +a—¢c,1+b-—6¢2-c z) (1.16) 


Each of the following functions is a solution of differential equation (1.8). A system of two 
linearly independent solutions of differential equation (1.8) in 


the vicinity of the singular point z = 0,1 and o are given by 


a,b 3 
wz) = oF z 
c % 
a, b 3 
wi (z) =2F, Le (1.17) 
l+ta+b-c ; 
l+a-—c,l+b-e ; 
wy (2) = 29 oF z 
2-—Cc : 


wh) (z) = (1— 2) oF l-z (1.18) 
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a,lt+a-c ; 


l+a-—b : 
1+b-c,b ; 
wy (2) = (-2) a 1 
1+b-a 3 
where c # 0,£1,+2,...; (e— a— 6) and (a — 6) are not integers. 
The equation (1.8) is also denoted by 
_ = (a)m(0) 
a)m(d)m 2 
F. — 
F 2 [=> Gate 
c : ~ 
eed abz , a(at+1)b(b+1) 2 
~ " e@ c(c+1)2! 
\ \ | 3 
_a(a +1) (a+2)b(b6+1) (+2) z ag leaaak 


et iyetos 


It is convergent for |z| < 1. 


Note: 

a,b 3 0,56 5 
oF, 0 | =2fF z 

Cc H c 5 

= (a) _ 

- A)p Z" 
er \ a io z 
r=0 


Generalized Ordinary Hypergeometric Function of One Variable 


;|z|<1 


(1.19) 


(1.20) 


(1.21) 


(1.22) 


The generalized Gaussian hypergeometric function of one variable is defined as follows 


1, G2, 43,+-+-,4@A 3 oo 


AFB z = 


bi, ba, b3,...,6B 3 


oF Z| => ee 


(1.23) 


(1.24) 
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where for the sake of convenience (in the contracted notation), (a4) denotes thearray of “A” 
number of parameters given by aj, a2, a3,..., a4. The denominatorparameters are neither 
zero nor negative integers. The numerator parameters may be zero and negative integers. A 
and B are positive integers or zero. Empty sum is to be interpreted as zero and empty product 
as unity. 


b b 
PS and II are empty if b <a. 
(—1)"4 
[(aa)]-n = (1.25) 
[1 — (aa)|n 
A A 
T(a@m +7) 
[(@a)]n = (41)n(@2)n(@3)n-++(@a)n = II (Qm)n = II Tam) (1.26) 
m=1 m=1 ue 
where ay, a2, 43, ..., @A; 61, be, b3, ..., bg and z may be real and complex numbers. 
a, b, 1 9 ( ) 
c-1 
EF: = 
ana 71 G-Dnb-Nz- 
c, 2 3 
a—1,b-1 


z|- 7 (1.27) 


The convergence conditions of 4F’g are given below 


Suppose that numerator parameters are neither zero nor negative integers (otherwise ques- 
tion of convergence will not arise). 


(i) If A < B, then series 4F'’g is always convergent for all finite values of z(real or complex) 
ie., |2z| < co. 


(ii) If A= B+1 and |z| < 1, then series 4 Fp is convergent. 


(iii) If A= B+ 1 and |z| > 1, then series 4 Fg is divergent. 


(iv) If A= B+1 and |z| = 1, then series 4F'g is absolutely convergent, when 


B A 
Ref S- bm — Joan} >0 
m=1 


n=1 


(v) If A= B+1 and z =1, then series 4Fg is convergent, when 
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Ref Yo bn ~ San} >0 


m=1 n=1 


(vi) If A= B+1 and z =1, then series 4 Fg is divergent, when 


B A 
Ref S- bm — San} <0 
m=1 n 


=1 


(vii) If A= B+1 and z = —1, then series 4 Fg is convergent, when 
B A 
Ref se Yan} on 
m=1 n=1 


(viii) If A= B+1 and |z| = 1, but z £1, then series 4 Fg is conditionally 


convergent, when 


A 


B 
-1< Ref Jo tm Doan} <0 
m=1 


n=1 


(ix) If A > B+1, then series 4F'g is convergent, when z = 0. 
(x) If A= B+1 and |z| > 1, then it is defined as an analytic continuation 
of this series. 
(xi) If A= B+1 and |z| = 1, then series 4F'g is divergent, when 
B A 
Ref J tm — Yan} < -1 
m=1 n=1 
(xii) If A> B+1, then a meaningful independent attempts were made to define 
MacRobert’s E-function, Meijer’s G-function, Fox’s H-function and its 
related functions. 
(xiii) If one or more of the numerator parameters are zero or negative integers, 


then series 4/f’p terminates for all finite values of z i.e., 4f'p will be a hypergeometric 
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polynomial and the question of convergence does not enter the discussion. 


§2. Main Indefinite Integrals 


cosh x Ly(x) d 


Nee ENED oh 
Vl—cosz 
1 8 6u & x 1 1 1 1 
(-1-§)z ‘ = (2 22 P;( 1: ‘ is) 
eC 35 )° a eas ek A a a a 
1 1 3 3 1 1 
+2e'*3 Fa (5 +0, 5 +.,1; 5 +1, 5 +0; e*) —(2- i)ave* 5 F, ( Sgt a 374 et) 4 
1 3 
+(2- ie" Fi (5 +4,1; 5 +4; e*) + (2—1)re?* — 267] + Constant (2.1) 
[= Ly(a) q 
ean De 
Vl—cosz 
1 8 6u t xz 1 1 1 1 
= (-1-S)a.: = (2 Qu P,( 1: . =) 
Foes 35) Se gle ee eg. eg ig ee 
1 1 3 3 1 1 
—2e!*3 Fa(5 bys W155 15 + 0; c*) (2 i)ve* 2 Fy ( 5 u, 1; 58 a 
Lx 1 3 Lx 20 22 
—(2—1)re'" oF, tu,l;~+4€ | 1) xe e€ + Constan : 
(@—1) A(S+oh54 *) +(2 ) 2c") +0 tant (2.2) 
cosa Lo(x) 2 


dx = sin [uci —e2)—4irLig(e2 ) — 8Li3(—e2 ) + 8Liz(e2 )+ 
V1 —cosx V1 —cos2 2 2( ) ae?) a( ) a(e?) 


+a” log(1—e? )—a” log(1+e? )+2zx? cos 5 8x sin 5 12 cos 5 t2log(tan *)| +Constant (2.3) 
cosa Ly(x) 2 . ZI : iz ie is is 
> sin —|2¢Lig(—e2 )—2eLig(e2 )+ x2 log(1—e2 )—axlog(1+e2 )— 
aoe ase 2(—e? ) 2(e? )+a log( )—a log( ) 
—Asin 5 + 2x cos =| + Constant (2.4) 
cos x D(x) 1 7 1 1 3 3 
x= e ‘“(e" —1 [(6—8 F,( l, L;1; L, xe") 
V1—coshz 25/1 — cosh ( )|¢ )3F 2 2 2 2 
1 1 3 3 1 3 
+(6+8:)e""3Fa (5 FL, 5 tu, 1; 5 FL, 5 | ;eoshe+sinh a) +524 (1+2/)2Fi (5 L,1; 5 e) 
1 3 
+(1 — 2u)e”“* oF, (5 + 4,1; 5 + u;cosh x + sinh x) \| + Constant (2.5) 
sina Ly(x) 1 _ 1 1 3 3 
x= e *(e"—1 8+ 61)3F ( L, t,1; l, b; e*) 
V1—coshz 25/1 —coshz ( [6 3Fa 2 2 2 2 
1 1 1 
~(8—6i)e"*sFa(5 44,5 thi sth 5 +e cosha-tsinh2) +50f (2 aFi(5 41h “i et) + 
1 3 
+(2 + v)e"2F, (5 +2,1; 5 +;cosh x + sinh x) \| + Constant (2.6) 


i: cos x L(x) oa 
V1—coshz 7 
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2 1 x 1 1 3 3 
— oF _—Fn (H+ 5) n=[(2+11 2a f 8-4 F,( ey eee 9s 2 
e sin bye L)X Tb, rb, 1; rb, rbye 
125,/1 — coshx 9 | ) CBee a ras ae 
1 1 1 1 
—8aB(Ztu stu stul stags tos tue) + (448i)? +2) 2Fi(5 +4155 +40") } 
1 1 3 3 
(iii { 4— F ( ee he ai | 
(11 + 22), (4 —82)x 3Fo 5 Toa Teg mag He 
t 4.4 a a ee : tg Bs 
84F(5 a5 t,1; nar ter Wake )+(8+40)(« +2)2Fi(5—0,1; ye ) }]+Constant 
(2.7) 
sina D3(x) d 1 


ae P= FE) (c08  -8in F) [(-D 4 ee? + La (-)te* )+ 


+61(1?+1) Lig ((-1) te ) +240Lis(—(-1) te ) 2401s ((-1) te ) +48:Lig(—(-1)*eF )— 


+(—1+2)(x? + 6x? — 21x — 42) cos =| + Constant (2.8) 
sina D2(x) —_ 
Vv1l-—coshz = 
2 1 x 1 1 3 3 
= 440" sinh 2 4(2 = 11 {(4-8 P,( 1; ; :) 
e€ sin L )x , i, 1; l, “ie 
125,/1 — cosh a a | Wye ee ata he a 9 
1 1 1 1 
8 4Ps(5 ba 45 jae nS tis ie") +(3+4t)(a? +2) 2Fi(5— 41; 5 — ne) }+ 
; 1 1 3 3 
+(2+ lue™*{ (4+ 8) sFa(5 | bb 5 | bls | 15 ue") 
1 1 1 3 3 3 1 3 
8 4Fe(5+0, 5th, 5th 1; atts atts ran e*) +(3-40)(0?+2)0Fi (5+ ath e*) \]+Constant 
(2.9) 
cosh x Lo(x) —_ 
Vl—cosz 7 
1 4 221 1 L 1 1 1 
= (—t— 5) 2 at =| 448 2x FP ( 1: , a 
— lr 195)? sin 5 (4+ 82)xe** 3F> aa He 
1 1 
+(4 + 82)xe” sPa(5 +1, 5 +.,1,; : +1, : + welt) — 
1 1 1 1 1 1 
=e Ps ( Se rae L,1; a i tel?) + 
1 
2 


1 
by 13 “i - (44+ 32)a%e* 2Fi(5 155 + U5 c*) 


1 3 
—(8 + 6i)e?* oF, ( 37h 1; 574 e*) + (8+ 6r)e 2Fi(5 +1,1; 5 +4; et) 4 


+(4+ 32)a7e7” — (4+ 82)2e™* + (8+ M4i)e**] + Constant (2.10) 
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sinha Lo(2) 


Vict 
= (-1-5)z : =(- 4 8 22 F,( 1: - i” 
V1 —cosz (G55 195° ia 2 ( oe ie Be 2 9 L, 2 b, 4; 2 L, 2 bye 
oe 1 | 1 | : 3 | 3 Lp gee \ 4 
ee 8u) xe 3Fa(5 rb, 2 rb, 1; 2 rb, 2 Tr bye ) T 
$81" 4 = yh i 4 
b ; L L 
Le” -4.F'3 a a Tbh gm hs 5 ye 
it L L t,13 L L L,3 
€ 4£3 2 >) a) en) 7) 5 93 € 


1 1 1 3 
+(44+3:)z7%e** oF ( a, 1; a4 e*) + (44 31)27e'* oF, (5 +4,1; 5 +4; ett) — 
1 1 1 3 
+(8 + 61)?” 2Fi( 5 u,1; ge - (8 + 6r)e” 2Fi (5 tu, 1; 5 FL; a 
+(—4 — 32)a7e” + (4+ 8z)ae”” — (8+ 1d)?" + Constant (2.11) 
sina D4(x) —_ 
V1l—-sing 7 
1 4 OF x 3 3B Lx 3 ux 
a (cos — sin ) =i # {4807Li (- -1 te) — 48x? Li ( -1 tet) — 


—82(x? + 2) Lis( = (-1)*e#) + 81(a? + 2)aLip((-1)*e) 4 192urLia( ~ (-1)*e#) = 
—192eLis((-1)*e*) if 32Lis( ~(-lie#) — 32Lis((-1)*e*) = 384Lis ( = (-1)te#)4+ 


+384Lis((—1) te ) +04 (—log (1-(-1)#e#) ) +24 log (14+(-1)%e# )—4e? log (1-(-)te#)+ 


+42” log (14+(-1)te#) +4etan“! ((-1)te#)} (1 —1)(x* — 8x3 — 442? + 1762 4 354) sin st 


+(—1+4 2)(x* + 823 — 442? — 1762 + 354) cos =| + Constant (2.12) 
[= Ls(a) frome 
Vl—cosx 7 
1 ut iat Lat 
= ; [19200 Lis (e-?) = 19202 Lis ( - c#) 4 240u(2? + 3)a?Lig (<#) = 


~11520va?Lis (e-#) —11520.0? Lig (-e*) +2401(x4+3e?+1) Lig (-e) +2880xLi3 (e- *) = 
—28802Lis( = ef) — 460802 Lis (e-*) “f 460802Lis ( = ef) — 240.Lia (c*) o 
—57600Lis (e-# is 5760.Lia( = c) + 92160cLig (e-*) + 92160.Lie( = ef) + 
+2i2° + 242° log (1 —_ e#) — 242° log (1 + ef) + 482° cos 5 + 1524 — 480z* sin st 
+1202 log (1-e"#) ~12027 log (i+e*) ~ 36002? cos = +2160027 sin = +1202 log (1-e) = 


—1202 log (1 Ea e) — 173280 sin : + 866402 cos — 64un® — 120un4] +Constant (2.13) 
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§3.Derivation of the Integrals 


Applying the method which is used in ref[11] , one can derive the integrals. 


Conclusion 


In our work we have established certain indefinite integrals involving Lucas Polynomials 


and Hypergeometric function. However, one can establish such type of integrals which are 


very useful for different field of engineering and sciences by involving these integrals. Thus we 


can only hope that the development presented in this work will stimulate further interest and 


research in this important area of classical special functions. 
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§1. Introduction and preliminaries 


Elliptical Integral 


IIn integral calculus, elliptic integrals originally arose in connection with the problem of 
giving the arc length of an ellipse. They were first studied by Giulio Fagnano and Leonhard 
Euler. Modern mathematics defines an "elliptic integral’ as any function f which can be 
expressed in the form 


f(x) = [ Rl VP(@)at (1.1) 


where R is a rational function of its two arguments, P is a polynomial of degree 3 or 4 with no 
repeated roots, and c is a constant. 

In general, elliptic integrals cannot be expressed in terms of elementary functions. Excep- 
tions to this general rule are when P has repeated roots, or when R(x, y) contains no odd powers 
of y. However, with the appropriate reduction formula, every elliptic integral can be brought 
into a form that involves integrals over rational functions and the three Legendre canonical 
forms (i.e. the elliptic integrals of the first, second and third kind). 

Besides the Legendre form , the elliptic integrals may also be expressed in Carlson sym- 
metric form. Additional insight into the theory of the elliptic integral may be gained through 
the study of the Schwarz-Christoffel mapping. Historically, elliptic functions were discovered 
as inverse functions of elliptic integrals. 

Incomplete elliptic integrals are functions of two arguments; complete elliptic integrals are 
functions of a single argument. 

The incomplete elliptic integral of the first kind F is defined as 


F(W,k) = F(w | k?) = Flin; (1.2) 


= a dO 

0 V1—k?sin? 6 
This is the trigonometric form of the integral; substituting t = siné,x = sinw,one obtains 
Jacobi’s form: 


- dt 
F(a;k) =| J0- 02 eB (1.3) 
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Equivalently, in terms of the amplitude and modular angle one has: 


F(Y\a) = F 


(1.4) 


y 
nea [ \/1 — (sin @ sin a)? 


In this notation, the use of a vertical bar as delimiter indicates that the argument following it is 
the ” parameter” (as defined above), while the backslash indicates that it is the modular angle. 
The use of a semicolon implies that the argument preceding it is the sine of the amplitude: 


F(w,sina) = F(w | sin? a) = F(\a) = F(siny; sina) (1.5) 


Incomplete elliptic integral of the second kind E is defined as 


E(,k) = E(w | k?) = E(sinw;k) = V1— k? sin? 6 do (1.6) 
Substituting t = sin @ and x = sinw , one obtains Jacobi’s form: 
/7 p22 
cry -[ — i dt (1.7) 


Equivalently, in terms of the amplitude and modular angle: 


w 
E(w\a) = E(w, sin a) =| V1-—(sin@sina)? dé (1.8) 


Incomplete elliptic integral of the third kind II is defined as 


w 
H(n;#\a) = f° —— — (1.9) 


1—nsin?6 1—(sin@sina) 


om 4 dt 
rs |m) = f l—nf® @— mA —8) om 


or 


The number n is called the characteristic and can take on any value, independently of the other 
arguments. 

Complete elliptic integral of the first kind is defined as 

Elliptic Integrals are said to be ‘complete’ when the amplitude ~ = 5 and therefore r=1. 
The complete elliptic integral of the first kind K may thus be defined as 


aye a -[ a (1.11) 
0 V1—ksin26 Jo (1 —t?)( — k?2?) 
or more compactly in terms of the incomplete integral of the first kind as 
K(k) =F(5,k) = F(1;k) (1.12) 
It can be expressed as a power series 
loo) 2 foe) 
KW) = 53 [sacha] P= > [Pan (0)] 52 (1.13) 


62 Salahuddin No. 2 


where P,, is the Legendre polynomial, which is equivalent to 


1+ (3) e + € ye eeueed {enn Brus | (1.14) 


where n!! denotes the double factorial. In terms of the Gauss hypergeometric function, the 


K(k) = 


T 
2 


complete elliptic integral of the first kind can be expressed as 


ey > 


The complete elliptic integral of the first kind is sometimes called the quarter period. It can 
most efficiently be computed in terms of the arithmetic-geometric mean: 


T 


1.1 
agm(1 —k,1+k) wae) 


K(k) = 


Complete elliptic integral of the second kind is defined as 
The complete elliptic integral of the second kind F is proportional to the circumference of 
the ellipse C: 
C = 4aE(e) 


where a is the semi-major axis, and e is the eccentricity. 


E may be defined as 


2 V1 — k# 
m= fr 1 — k? sin? 0 jan | aE dt (1.17) 
0 1- V1 
or more compactly in terms of the incomplete integral of the second kind as 
E(k) = E(t, k) = E(1;k) (1.18) 


i Qn)! 1? ken 
E(k) = 5 dX seer | ae (1.19) 


which is equivalent to 


1 ee (i4)4 ee fo — | (1.20) 


In terms of the Gauss hypergeometric function, the complete elliptic integral of the second kind 


Tv 


2 


E(k) = 


can be expressed as 


T 1 1 
_# = 5:1) ee 
E(k) = 5 oFi(5,-5315 (1.21) 
Complete elliptic integral of the third kind is defined as 

The complete elliptic integral of the third kind II can be defined as 


us 


dé 


n(n, ) = f ss = 
0 (1—nsin* 0)V1— k? sin“ 6 


(1.22) 
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Generalized Hypergeometric Functions 
A generalized hypergeometric function pF j(a1,...@p; b1,...bg} Z) is a function which can be 
defined in the form of a hypergeometric series, i.e., a series for which the ratio of successive 


terms can be written 


Ch 1 P(k) _ (k + a1)(k + ag)...(k + ap) . (1.23) 
Ck Q(k)  (k+b1)(K + b)...(k + bg)(K +1) ~ : 


Where & + 1 in the denominator is present for historical reasons of notation, and the resulting 


generalized hypergeometric function is written 


A Dg | = $5 Selelea toner (1.24) 


blah, _ 
or 
(ap) 3 (a;)j=1 3 65 k 
ef, e!| =e z|= OES (1.25) 
(bq) 3 (ae ™ 
where the parameters 6j,b2,--- ,bg are neither zero nor negative integers and p, q are non- 


negative integers. 
The ,F, series converges for all finite z if p < q, converges for | z |< 1if p # q+1, diverges 
for all z,zA0ifp>qt+l. 
The ,F, series absolutely converges for | z |= 1 if R(¢) < 0, conditionally converges for 
p q 
z|=1,z240if 0 < R(¢) <1, diverges for | z|=1, if 1 < R(C) , C= Soa — YOY. 
1=1 i=0 
The function F(a, b;c;z) corresponding to p = 2,q = 1, is the first hypergeometric 
function to be studied (and, in general, arises the most frequently in physical problems), and so is 
frequently known as ”the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric 
function (Gauss 1812, Barnes 1908). To confuse matters even more, the term ” hypergeometric 


function” is less commonly used to mean closed form, and ” hypergeometric series” is sometimes 
used to mean hypergeometric function. 

The hypergeometric functions are solutions of Gaussian hypergeometric linear differential 
equation of second order 


2(1—2z)y” +[e-(a+b+4 1)z]y’ — aby =0 (1.26) 


The solution of this equation is 


ab a(a+1)b(b+1) 5 
= A 1 | | fos eeeee 13 
q o| ve" 2! c(c +1) 7 nef) 
This is the so-called regular solution,denoted 
ab a(a+1)b(b+1) 4 . (a)p (b)g2* 
Paice ss esas = See 1.2 
2Fi(a,bses2) = [L+ 7 oo Beaty l= ()ak! eo, 
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which converges if c is not a negative integer for all of | z |< 1 and on the unit circle | z |= 1 if 
R(c—a—b)>0. 
It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a), or 


generalized factorial function. 


§2. Main Integrals 


ne 2Fi(4, 4, nah, a?) 2x Va" +1 


+ Constant (2.1) 


pie dz = 


If n = 38 then the integral(2.1) becomes 


) 
20 + Constant (2.2) 


10x 2Fi (4, aE 3h —2?°) 
| u| + Constant (2.3) 


+ Constant (2.4) 


am (tsa) 
J 


+ Constant (2.5) 


If nm = 3 then the integral(2.5) becomes 


1 114 
V1+23 de= = ;qi-@")4 + 23! + 
/ 1+a2° dx = fsen(F55 =) 2V1 a Constant (2.6) 


If n = 5 then the integral(2.5) becomes 


1 116 
Jv 1+25 dr = 7 ols 2Fi(=, = =i-2°) +2V1+ a + Constant (2.7) 


5 2.5 


If n = 6 then the integral(2.5) becomes 


[vive dx = 


3) 4 2 et+x2 -1 ( 1-(-14+V3)2? 
ee = 0 | eae ( (see 


ers) 


at—@241 

[a+Ve2 4112 

= oa + Constant (2.8) 
8xvV/x% +1 
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If n =7 then the integral(2.5) becomes 
1 11 
[vive dz = 5 ot 2Fi(=, 53 3 z") 2/14 a + Constant 
If n = 17 then the integral(2.5) becomes 


1 Lk 4 
ip vieer to = 3 [07 2Fi( a a) + 2/14 om + Constant 


17? 2" 17" 


1 11 n+1 
———— dr= Fi(5.=3 ;-2") 
l=" t2Fil5,73— x” | + Constant 
If n = 3 then the integral(2.10) becomes 
| yes! 
ny 
1423 


=a? 1 =I (2+ (-1)8) Vie + Pte +1 x 


: (si ( a, 


If n = 11 then the integral(2.10) becomes 


V/ 7 + Constant 


1 _ 11122) a), 

lea de =2aFi(—, 5573 x ) + Constant 
If n = 14 then the integral(2.10) becomes 
1 1 1 15 
Ji-e™ dx =x 2Fi(=, >? 1A’ —2'*) + Constant 
1 1 1 n-i1 

—————— dr=2 2Fi( : ; : a”) + Constant 
vl+a2-" 2 0n  7n 


If n = 8 then the integral(2.14) becomes 


zvV1+a28 2Fi (3, 3; 2; —28) 


1 
; Jia dx = 5 V1i+ 2-8 T Constant 
If n = 16 then the integral(2.14) becomes 
1 x VIFaT oF (4,2; 33; -a18) 
<< dx = t Constant 
Vi+a 6 9JV1+a16 
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81. Introduction and preliminaries 


Let A denote the class of functions of the form: 
f(z=zt+>_ agz*, (1) 
k=2 
which are analytic in the open unit disc U = {z: z € C|z| < 1}. DY, the operator introduced 
by authors [3] and is given by 
Dy f(z) =(1—A)F(z) + Azf"(2) = Daf(z), AZO 
Dyf(z) = (1—A)zf'(z) + A(z FY, 
z gn-l z))r 
12) = Dy (2 POP) | (wen = NU{O}) 


n! 
If the function f is given by (1), then we write 


Do f(z) =2+ S“[1+ Ak 1)]6(n, k)ay2* 


k=2 
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where 
k—-2 
: : [G+ 
+n- = 
5(n,k) = . Se | 
7 (k—1)! 
The hadamard product(or convolution) of two functions f(z) given by (1) and 
g(z)=2+ S- apz* 
k=2 
is defined by 
(f*g)(z)=2+ S- agdpz”. 
k=2 
The class 
z 
S.,(z) —_ (1 _ z)20-7)’ (z U; 0 < Y < I), 
is the well-known extremal function for S*(7). Setting 
k 
[[@-2n 
n=2 
= kKEN\1; N:=1,2,3,... 
cr(7) (k _ 1)! , ( S \ , ? 2 ? Ns 
S.,(z) can be written in the form: 
Sy(z) = z+ S- cr(y)z*. 
k=2 
Then we can see that c,(7) is an decreasing function in y (0 < 7 < 1) and that 
oy. (Pa) 
jim, ce(7) = 1, (y= 5) 
0, (y>)- 
Let Sin,r,7(a@) the subclass of A consisting of function f which satisfy the inequality 
DOF *S oy) 
Re (| A 7" | > a, (z eu 
(Brest) 2 eM 
for some 0 <a<1, mEN, nENo. 
§2. Coefficient Estimate 
Theorem 2.1. Let f(z) € A satisfies 
S- v(m, n, k, A, @)cn(y) lax] < 2(1 — a). (2) 
k= 


2 
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where 


b(m,n,k, A, a)ew(y) = [L + ACK — D]ex(7) (3) 
x {|5(m, k) — (1+ a) 6(n, k)| + [5(m, k) + (1 — a) 6(n, k)]} 


for somea (O<a<1), MEN, nENo, then f(z) € Smna,y(@)- 


Proof. Suppose (2) is true fora (0<a<1), mE N, n€ No, and \ > 0. For f(z) € A defined 
the function F(z) by 


It is sufficient to show that 


Z)— 
ml < (z EU) (4) 
Note that 
DR(F*S(2))_ 
Fon _ | DXF * Sy(z)) 
Fe)+i| ~ |DYG*S@)_ 4 
DY (f * S4(z)) 
_ [DRO *S4(z)) — + a) DXF * S4(z)) 
DY (f * S4(z)) — (1 — a) DR (Ff *« Sy(z)) 
Therefore 
Da -—1 | 
F(z)+1 


at S-[1+A(k = Dex(y)[5(m, k) — (1 + a) 6(n, k)]agz* 


= = 

- (2 — a) yn t ACK — 1)Jex(7)[5(m, k) + (1 — a)8(n, k)]age~ 
a+ 3 I[1 + A(k = 1)Jex(y)[5(m, k) — (1 + @)8(n, k)]| axl 2°" 

: (2— a) —| 2 1+ Ak — Dex (7)[5(m, k) + (1 — a)9(n, k)]|axel|2°-" 
a+ > I[L + ACK — Lex ()[5(m, k) — 1 + a)d(n, k)]llax 

: (2— a) bE 1+ Ak — Dlew(y)[6(m, k) + (1 — @)d(n, k)]| a 


This expression is bounded above by 1, using (4) 


a+ So |[L+ ACK — 1Jex (9) [(m, k) — (1 + @)6(n, k)]lax 
k=2 


S (2—a) —| S0[L + ACK — Lex ()[5(m, &) + (1 — 2) 4(n, k)]|lax- 


k=2 
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which is equivalent to condition (2). 
This completes the proof of Theorem 2.1. 


Now derive the coefficient of inequalities for f(z) belonging to the class Sy, n,y,7(@). 


Theorem 2.2. If f(z) © Smin,y,7(a@), then for k > 2, 


-1 


2(1 — a) SOL + AG — Ilya (V)6(m, 5 — &) [aye 


k=1 
[1 + ACJ — DJe; (7) |6(m, 7) — 6(n, J)| 


&. 


la;| < 


Proof. Define the function ¢(z) by 


Since ¢(z) is Caratheodory function, 
il <2, = 7,2,3;.5 
The definition of ¢(z) implies that 


ray (PRE * 84(2)) — D&E # S4(2))) = DEF) (: +> cis 
k=1 
We have 


(Def + )(2)) - adhF« $,(2)) 


=z+(1+A) ot re =) 22” 


d(m, 3) — ae ae 


l-a 


+ (142d) eat) 


nat ome : ated) yt Pes 


l-—a 


. Also 


D3(f * S,(z)) (: +e) 
k=1 


- (: + pai + X(k — Dien") (L+Cyz+ Coz? +...4+0j)2! +...) 
k=l 


(6) 
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From (5) and (6) 
m, 2) — ad(n, 2) 


4+(1- 4) EF a | eatn)ane” 
+ (1429) | OD esa)? + 


j) = a6(n 


l-a 


Ee Ce) oe 2) Bed 


= (: + yl + Ak = 1)Jcn(y)d(m, ice 
k=1 


x (14+ Crz+ Coz? +...4+Cj2z7 +...) 


Consider coefficient of z of both sides in the above equality, then 


Tee (Cenc jens ped ’ AAG Deiaain 


l-a 
j-l 
1))e;-%(y)4(n, J — k)aj—nCe 


k=1 


That is 


l-a 


ees (ee herc [Pen y= ee) _ i 


j-1 
= SUI + AG — k= Dlej-0(7)5(n, 5 — bajar 
k=1 


Therefore 
l-a 
l= TEXG= Neo. — HIM 
SEAG — b= Dlepa(yolin,d — Waser 


k=1 


Gy 1230 is 260i Beale 


IA 


1+ A(z — DJej(y)|6(m, 7) — 4(n, J)| 


i.e. 
j-1 


2(1 — a) S“[L + Aj — k= UJej—n(7)5(n, 5 — &) Jaga 
k=1 


I +AG—Dlag(yaCm, A) — on, F)I 


la;| < 


Corollary 2.1. If the function f(z) is in the class Sm n,,y(@) then 


2(1 — a) 
w(m,n,k, A, a)cR(y) 


ak =< 
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The result (9) is sharp for the function f(z) of the form 


2(1— a) oh 
v(m, n, k, A, a) CK (7) , 


where w(m,n,k, A, a)cg(y) given in equation (3). 


fla =24 


(10) 


§3. Extreme Point 


In view of Theorem 2.1, we now introduce the subclass Sandal) C Smn,r,7(@) which 


consist of function 


f(z)=2t+ So an, (ax > 0) 
k=1 


whose Taylor-Maclaurin coefficients satisfy inequality (2). Determining extreme points of the 
class Sinn,d,7(Q)- 
Theorem 4.1. Let fi(z) =z and 


2(1 — a) 
w(m, n, k, A, @)cr(y) 


where w(m,n, k, A, a)cr(y) is given by (3). Then f(z) € Smn,r,7(@), if and only if f(z) can be 


expressed in the form, 


fr(z) = 24 z*, fork =2,3..., 


f(z) = do mefa(2), 
k=1 


where 


Mm > 0 forne N=1,2,3,... and Sneak 
k=1 


Proof. Suppose that, 


_ _ = 2(1—a) ; 
He) = Smile) 2+ ane hana a 
Then, 
= 2(1 — a) _ ~ 


IA 
i) 
eS 
| 
= 


which shows that f satisfies condition (2) and therefore, f(z) € Simn,a,7(@): 
Conversely, suppose that f(z) € Sri »,7(a). Thus 
2(1 — a) 
< ; 
wk Blinn, kX, a)en(7) 
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We may set 
52 v(m, n, k, A, a)cx (7) 
— 2(1 — a) 


ak 
and 
loc) 
a S- Nk 
k=2 
Then we obtain 


fA) => eh), 
k=2 


which completes the proof of Theorem 4.1 


§4. Closure Theorem 


Theorem 4.1. Let f;(z) be defined as, 


fj(2 = zt > ay j2*, ak 20, 9 =1,2,3...m 
k=2 


belong to the class Swale. Then the function, 


h(z) = ~ fil) =z+ = pa zk 
: cr 


is also belongs to the class Sri wow Qo: 


Proof. Since f;(z) € Smjn,a,y(@), in view of Theorem 2.1, we have, 


I <1,j =1,2,3...m. 


3 v(m, n, k, A, a) cK (Y) ak 


=e 2(1— a) 
Now 
LS" pte) =2- ES" (Seas) of =2- Soest 
g=1 j=1 \k=2 n=2 
where 


Notice that, 


SS ah(m,n,k, A, aca(V)] 1 
» 2(1 — a) : =n 2 Oh <1, using(12). 
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§5. Growth and Distortion Theorem 


Theorem 5.1. If the function f(z) defined by (1) is in the class Smn,,y(@), O< y < 
1,0<a<1 and eitherO0<y7< 3 or |z| < 3 then, 


(1 —a) 2 
IF(2)| > maz {0, |- \ 
and a ) 
If < l2l4 —< lz? 


v(m, n, 2, dr, a)(1 — 7) 


The bounds are sharp. 


Proof. By virtue of the theorem , we note that 


2(1 — a) k 
7) ae {0 2 - neN—{1} v(m, n, k, A, a)cr(7) HI \ 


and 
Iz|*, for z EU. 


2(1 — a) 
[f(z)| < lel+ WENA w(m, n, k, A, @)ce(y) 


Hence it suffices to deduce that 
2(1 = a) | li 


k = 
ae Araylz)) w(m,n, k, A, a)cr(y) 


is a decreasing function of k, (k > 2). Since 


k+1—-2y 
ceily) = | HY): 


We can see that, for |z| 4 0, 
G(m, n, k, A, Qa, |z|) 2 G(m, n,k+ 1, A, Qa, |2|) 
if and only if 
H(y, ky |2|) = (e+ 1)(b+ 1 — 29) — FI] = 0. 


It is easy to see that H(y,k,|z|) is a decreasing function of y for fixed |z|. Consequently it 
follows that 5 ; 
H(y,k, ||) 2 HCE, lel) = kP(1— |2|) + 3(k 2) 2 0, 


for0<7< 3, z€Uuandk> 2. 


Further, since H(y, k,|z|) is decreasing in |z| and increasing in k, we obtain that 


3 
AY; k, |2]) > Fl, k, |2]) 2 HC, 2, er 


for0O<7 <1, |z| < 2 and k > 2. Thus 


max G(m,n,k,A,a, |z|) 
neEN—{1} 


is attained at k = 2, and the proof is complete. 
Finally, since the function f,(z), (& > 0) defined in theorem are the extreme points of the 
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class Smn,,y(@), we can see that the bound of the theorem are attained by the function fo(z) 


is 
= 74 aaa 2 
fo(z) = 24 w(m,n,2,A,a)(lL-y)> * a 


Corollary 5.1 Let the function f(z) defined by (1) be in the class Smn,x,y(@), with 


0<y< 2 and0< 68 < 1. Then f(z) is included in a disk with its center at the origin and 


radius r given by 
pes (1 — a) 
wm, n, 2, A, a)(1 ~~ 7) 


Remark 5.1 The extremal function f(z) given by (18) is equal to zero when 


_ (1 — y)v(m, n, 2,2, a) 
1—a) 


Letting z — 1~, it follows that 
l—a+v(m,n,2,A,a) 
wim, n, 2, A, a) 


We thus have a 
_—oa ‘ 
VON 2 I~ Tnm,2,.daya =a) 


for all z EU if and only if 
reas l1—a+v(m,n, 2, A, a) 
— ~ v(m, n, 2, A, a) 


Theorem 5.2. If the function f(z) defined by (1) is in the class Smn,,,y(a), O< y < 


ip 0<a<1 and either 0 <7 < § or |z| < § then, 


amen acy SOS gare aa aaa 
The bounds are sharp. 
Proof. By virtue of the theorem , we note that 
2(1 — a) k-1 
|2| 


(Al>1— 
Oe ee 


and 2(1 ) 
; 2 i =— & k-1 ; 
@IS1+ ma Ta Baal ll 


Hence it suffices to deduce that 
2(1 == a) hai 
k,X — 
Gi(m,n, »A, a, ||) w(m,n, k, d, a)cx(7) |2| 
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is a decreasing function of k, (k > 2). Since 


k+1—- 27 
Ce4i(Y) = |e). 


We can see that, for |z| 4 0, 


if and only if 


Gi(m,n, k, A, a, |z]) 2 Gi(m,n,k “r 1,A, a, |z]) 


Since H1(y,k,|z|) is a decreasing function in |z|. It follows that 


H1(7,k, |z|) > Hil, n,1) =1-2a>0, forO0<y< 


Further, since 111(7, k, |z|) is decreasing in a, we have 


for |z| < 
(13). 


1 


2° 


1 


1 
Hil(y,k, |z]) 2 Hi(l,k, |z|) =k—-1—-k |2| 2 Ai(1, k, 5) 2 Hy (1, 2, =) = 0, 


2 


Finally, the bound of the theorem are attained by the function f2(z) given by 


§6. Convolution Theorem 


Theorem 6.1. Let the function f(z) and g(z) defined by, 


and 


f(z) =24+ > anz (14) 
k=2 

g(z) = 2+ >- deze (15) 
k=2 


belong to the class Smn,d,y(@) withO<A<1, —1<a<1. Then (f*g)(z) € Smn,(€) where, 


A(1 — a)?[1 + A(k — 1)][6(m, k) — 6(n, k)] 
és w2(m,n, k, A, a)er(y) : 


and the result is sharp for, 


2(1 — a) k 


(a= wm, n, k, \,a)cn(7) 


Proof. f(z) and g(z) € Smjn,a,7(@) and so we have, 


3 Wim, nk, Ar MwMeY | <7. 16) 
k=2 


2(1 — a) 
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3 wW(m,n, k, A, a)cr (7) 


v=o) by <1. (17) 


k=2 


By applying Cauchy-Schwarz inequity to (16) and (17), we have 


7 ee a ei: (18) 


2(1—a) 


We need to find smallest number € such that 


» Ts anbe <1. (19) 
Thus from (18) and (19) 
v(m nr k, », €)cr(y) w(m,n, k, A, a)ce(y) 
20-6) andy < a(1 — a) Vandy (20) 
That is (1 — e)u( ae 
~~ m,1,h,A,a 
aH ST yim, n, ky, 8) Me 
From (18) 
2(1 — a) 
24k S Tom, n, bs aen(y) 22) 
Therefore in view of (21) and (22) 
2(1 — a) < (1 — €)(m, n, k, A, @) 
v(m, n, k, A, a)cr(Y) 7 (1 _ a)y(m, n, k, Aye) 
which simplifies to 
e<1 2(1 — a)?[1 + A(k — 1)]cn(y)6(m, k) + 6(m, k) 
~ w2(m,n, k, A, wen (y) + 2(1 — @)2[1 + A(k — 1] ex (7) 6(n, k) + O(n, bk) 
Since : 
A(k) =1 2(1 — a)*[1 + A(k — 1)]ex(y)6(m, k) + 6(m, k) (23) 


Y?(m,n,k, A, a)ex(y) + 2(1 — o)?[1 : Mk — Vex (7)5(n, k) + 5(n, k) 
is an increasing function of n (n > 1) for 0 < y < $, O< a <1, letting k = 2 in (23), we 


obtain 


A(2) =1 4(1 — a)? [1 + “IC ¥ Hak + 26(m, 2) 


w2(m,n,2,r,a)(1 — y) + 4(1 — a)? [1 + A](1 — y)6(n, 2) + 6(n, 2) 


This completes the proof. 


§7. Inclusion Properties 


Theorem 7.1. Let the function f(z) and g(z) defined by (14) and (15) be in the class 
Son sid (&) Then the function h(z) defined by, 


zZ)=2+ Soak + b2)z* is the class Sram, dy() 
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(1 — a)[1 + A(k = 1) ca (7)6(m, k) + 6(m, k) 


PS) 35mm, k Aa)ex() = (I= a[L + Mk Dlee)8(n,B) on, 
Proof. Now, f(z) and g(z) € Sm.n,y,,(@) and thus we have 
(oe) 2 [oe] 2 
S- ee eee) ae <4 » v(m, see a < 1 (26) 
k=2 k=2 
and , 
foe) 2 oo 
k=2 k=2 
Adding (26) and (27), we get, 
1 fwlm,n, kA a)en(y)]? 2 | 
ar pI) (a +03) <1. (28) 
We must show that h € Simn,dy(Q); that is, 


In view of (28) and (29), 


v(m, n,k, A, p)ck(y) < { 1 [v(m, n,k, A, a)cr(7)] \ 
i=p = 2 (l—a) 


Simplifying, we get 


2(1 — a){d(m, k) + [1 + A(k — 1)]cg(y)[6(m, &) — 26(n, k)]} 
w(m,n, k, A, a)ce(y) + 2(1 — a)[5(n, k) — [1 + A(k — 1 ]ex (y(n, k)] 


p< 


88. Integral Means Inequalities for Fractional Derivative 


We will make use of the following definitions of fractional derivatives by Owa [8] and 
Srivastava and Owa [13, 14]. 
Definition 8.1 The fractional derivative of order X is defined, for a function f(z), by 


A 1 od f* f@ 


where the function f(z) is analytic in a simply-connected region of the complex z-plane con- 
taining the origin and the multiplicity of (z —¢)~+ 


when z—-¢€ >0. 


is removed by requiring log(z — ¢) to be real 
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Definition 8.2 Under the hypothesis of Definition (8.1), the fractional derivative of order 
p+ is defined, for a function f(z), by 
dP 


DE f(z) = FO D2 f(2) (0<A<1, pENo = NUO). (31) 


It readily follows from (30) in Definition that 


20x AS), (32) 


We need the concept of subordination between analytic functions and a subordination 
theorem of Littlewood [5] in our investigation. 

Definition 8.3 For two functions f and g analytic in U, we say that the function f is 
subordinate to g inU, denoted by f < g, if their exist a Schwarz function w(z), analytic inU with 
w(0) = 0 and |w(z)| < |z| < 1(z €U) , such that f(z) = g(w(z))(z EU). In particular, if the 
function g is univalent inl, the above subordination is equivalent to f(0) = g(0), f(U) = g(U). 
The Littlewood’s subordination theorem which we will use in our investigation to obtain the 
integral mean inequality. 

Lemma 8.1 If the functions f(z) and g(z) are analytic in U, with f(z) ~ g(z) or f(z) X 
g(z), then 


QT ; QT : 
| If (re!) "dd < | lg(re) "dy (33) 
0 0 


where 1 > 0,z =re andO<r <1. Strict inequality holds for 0 <r <1 unless f is constant 


or w(z) = az, lal =1 


Theorem 8.1. Let f(z) € Smjn,a,y(@) and suppose that 


oS 2(1 T(kK+)0 
dk Pyrite S a ee) 
for some k > p, 0<6 <1 and (k—p)p-1 denote the Pochhammer symbol defined by 
(k— p)p+i = (k—p)k —p—1...k. 
Also let the function 
frlz) =2+ oS?) g ig, (35) 


v(m, n, k, r, p)cr(y) 


If their exist an analytic function w(z) given by 


(w(z))i? = 


w(m,n, k, A, p)cr(y) (kK +1—6-—p) = 
2(1 — a)I(k +1) a 


(k >p). Then for z=re® and0O<r<1 


20 Qn 
| |D?+ f(z)|"dd < | |D?+ f,(z)|"#d0, (0<6<1, p>0). (36) 
0 0 
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Proof. By virtue of the fractional derivative formula (32) and definition , we find from (1) that 


p = yi-d—p 1(2— 5 — p(k +1) 
Day = Gaal! Perceses = ! 
yi—6—p foe) 7 
~ TeH6—9) ( DTA 5 —BNk+ Vprd(hane! ! 
where 
on) = r=) (0<5<1, k>p). 


I(k+1—6-p) 


Since $(k) is a decreasing function of j, we have 


[(2 — p) 


0 < o(k) < o(2) = T@-0—p) 


Similarly, from (31) and (34), we get 


pt f(y) — ge _ 20 -—e)(2—6-p(k+ 1)2** 
DIMI) = nE—5—y | Simm MaMa} 


For z = re’®, 0 <r <1, we must show that 


20 
| 
20 
s | 
0 


Thus by applying Littlewood’s subordination theorem, it would be suffice to show that 


1+ S$ °T(2-6—p)(k—p)pyid(k)ajz*~!) do 


k=2 


2(1 — a)P(2— 5 — p)P(k + 1)2*-} 


be 
Mk Dalat i—s—p| hr: 


1+ 


2(1— a)P(2—6 — p)T(k+1)z*-} 
v(m, n, k, A, p)ce(y)P(k a p) , 


14+ 5 °1(2—6—p)(k—p)p+io(k)ajz*—! <1+ 


k=2 
By setting 
1+ S01 (2-6—p)(k—p)pyi9(k)ajz2* 
wa )E(2 — 6 — p)P(k + 1) 2" vs 
_ 2(1 — a) (2 — 6 — p)T(k 4+ 1)z*7! wlz))*-2 
== Gah kunleyk G1 ==) ( ) , 
(w(2yybot = Pls Bs, pee (a) E(k +1 = 3 =p) > (hk pps d(b)agz®?, 


271 — a) (k +1) o4 


which readily yields w(0) = 0. Further, we prove that the analytic function w(z) satisfies 
|w(z)| < 1,2 €U. We know that 


|w(z)/P* 


IA 


w(m,n, k, A, p)er(y yr (e+l= 9 P) = k-1 
a1 a) (k +1) de P)p+i9(k)anz 


w(m,n,k, A, p)en(y )r (k-1-8— p) = k-1 
2(1 — a)P'(k +1) 2K P)pri0(Raxl2" | 
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IA 


|2| 


w(m,n, kr, p)cr(y)(k + 1-6 —p) = 
2(1 —a)I'(k +1) dh P)p+1 0(k) ax 


IA 


jz) <1 


By means of the hypothesis (2) of Theorem. 


As special case p = 0, Theorem 8.1 readily yields. 


Corollary 8.1 Let f(z) € Smn,,y(a) and suppose that 


2(1 — o)'(k + 1)T'(3 — 6) 
Yoke 5 ~ a(m,n,k, A, p)en(y)(k + 1 — 8)’ 


For some j > 0, 0<6 <1. Also let the function 


If their exist an analytic function w(z) given by 


(w(z))"" = 


v(m, n, k, A, p)ce(y)P(k + 1 - 6) s T(k+ p)a,z*-} 
2(1—a)I'(k + 1) 7 Teri 


Then for z=re® andO<r<1 


QT Qn 
| \D® f(z)|"dd < | [D5 fg(2)|"d0, (0< 5 <1, p>0). 
0 0 
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81. Introduction and preliminaries 


Continuous functions stands among the most fundamental point in the whole of the Math- 
ematical Science. Many different forms of stronger and weaker forms of functions have been 
introduced over the years. As a generalization of closed sets, Levine [9] introduced the concept 
of generalized closed (briefly g-closed) sets which are weaker than closed sets in topological 
spaces. Balachandran et. al. [1] introduced the concept of generalized continuous maps and 
generalized irresolute maps in topological spaces and Benchalli et. al. [2], [3], [5] introduced 
and studied the concepts of wa-closed sets, wa-continuous maps and gwa-continuous maps in 
topological spaces. Recently Patil et. al. [15], [16] introduced the concept of generalized star 
wa-closed (briefly g*wa-closed) sets and generalized star wa-spaces (briefly g*wa-spaces) in 
topological spaces. 

In this paper, we introduce the concepts of generalized star wa-continuous (briefly g*wa- 
continuous) functions and generalized star wa-irresolute (briefly g*wa-irresolute) maps in topo- 
logical spaces. Further, we also introduce g*wa-closed maps, g*wa-open maps and g*wa-closed 
graphs in topological spaces. 

Throughout this paper spaces (X,7) and (Y,c) (or simply X and Y) always denote topo- 
logical spaces on which no separation axioms are assumed unless explicitly stated. 

Definition 1.1. A subset A of a topological space X is called a 
(i) semi-open [8] if ACcl(int(A)) and semi-closed if int(cl(A))CA. 

(iit) a-open [14] if ACint(cl(int(A))) and a-closed if cl(int(cl(A)))CA. 
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Definition 1.2. A subset A of a topological space X is called a 
(i) Tg*wa-space [16] if every g*wa-closed set is closed. 
(ii) g*wal -space [16] if every g*wa-closed set is w-closed. 
(ttt) gwaTg*wa-space [16] if every qua-closed set is g*wa-closed. 
(iv) T.,-space [17] if every w-closed set is closed. 

Definition 1.3. A subset A of X is said to be a 
(i) g-closed [9] (respectively ag-closed [6]) if cl(A) C U (respectively acl(A) C U) whenever A 
C Uand U is open in X. 
(itt) w-closed [17] if cl(A) C U whenever A C U and U is semi-open in X. 
(iv) wa-closed [2] (resp. gwa-closed [4]) if acl(A) C U whenever A C U and U is w-open (resp. 
wa-open ) in X. 
(uv) g*wa-closed [15] if cl(A) C U whenever A C U and U is wa-open in X. 

Definition 1.4. A function f: X — Y is called a 
(i) g-continuous [1] (resp. a-continuous [13], w-continuous [17], ag-continuous [6], gp-continuous 
[11]) if f-1(G) is g-closed (resp. ca-closed, w-closed, ag-closed, gp-closed) set in X for every 
closed set G of Y. 
(it) g-closed [12] (resp. w-closed [17], ag-closed [7]) if f(G) is g-closed (resp. w-closed, ag- 
closed) in Y for every closed set G in X. 
(iit) wa-closed [3] (resp. gwa-closed [5]) if f(G) is wa-closed (resp. gwa-closed) for every closed 
set Gin X. 
(iv) gua-continuous [5] if f-'(G) is gua-closed in X for every closed set G of Y. 
(v) w-irresolute [17] (resp. wa-irresolute [3]) if f-'(G) is w-closed (resp. wa-closed) in X for 
each w-closed (resp. wa-closed) set G of Y. 

Definition 1.5. [16] The intersection of all g*wa-closed sets containing a subset A of X 
is called g*wa-closure of A and is denoted by g*wa-cl(A). 
If A is g*wa-closed then g*wa-cl(A)= A. 

Definition 1.6. [16] The union of all g*wa-open sets contained in a subset A of X is 
called g*wa-interior of A and is denoted by g*wa-int(A). 
If A is g*wa-open then g*wa-int(A) = A. 

Definition 1.7. [10] Let f: X — Y be a function. Then 
(i) the subset { (x, f(z)) : « © X } of the product space X x Y is called the graph of f and is 
denoted by G(f). 
(it) a closed graph, if its graph G(f) is closed set in the product space X x Y. A. 

Definition 1.8. [10] A function f: X — Y has a closed graph if for each (x, y) © (X x 
Y) \ G(f) there exist U € O(X, x) and V € O(Y, y) such that f(U) N V = ¢. 

Definition 1.9. Let x © X and VC X, then V ts called g*wa-neighborhood of x in X if 
there exists g*wa-open set U of X such thatz Ee UC V. 

Theorem 1.10 Let A be a subset of X. Then « € g*wa-cl(A) if and only if for any 
giwa-nbd N, of x in X such that N,N AF o. 


Proof. Let us assume that there is a g*wa-nbd N of x in X such that NM A = ¢. There exists 
a g*wa-open set G of X such that x € G C N. Therefore we have GM A = ¢ and so x € X-G. 
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Then g*wa-cl(A) € X-G and therefore x ¢ g*wa-cl(A), which is contradiction to the hypothesis 
x € g*wa-cl(A). Therefore NM A # ¢. 


Conversely, suppose x € g*wa-cl(A). Then there exist a g*wa-closed set G of X such that 
AC Gandx FG. 


§2. g*wa-continuous functions in topological spaces 


In this section, we introduce the concept of generalized star wa-continuous (briefly g*wa- 
continuous) functions in topological spaces and study their properties. 

Definition 2.1. A function f: X — Y is called g*wa-continuous if the inverse image of 
every closed set in Y is g*wa-closed in X. 

Theorem 2.1. Every continuous function is g*wa-continuous function. 
However the converse of the above Theorem need not be true as seen from the following example. 

Example 2.1. X = Y={a,b,c},7r={X,¢,{a},{achhando ={ Y,¢,{4 
b}}. Let f: X > Y be the identity function. Then f is g*wa-continuous but not continuous, 
since for the closed set A= { c} in Y, f-'(c) ={ c} is not closed in X. 

Reamrk 2.1. The converse of the Theorem 2.1 holds if X 1s Tg*w. space. 

Theorem 2.2. Every g*wa-continuous function is gua-continuous, ag-continuous and 


gp-continuous. 


Proof. Let f: X — Y be a function. Let V be an open set in Y. Since f is g*wa-continuous, 
f-'(V) is g*wa-open in X. Then by Theorem 3.2 [15], f-1(V) is gua-open in X and from [4] 
every gwa-closed set is ag-closed and gp-closed. Therefore f is gwa-continuous, ag-continuous 


and gp-continuous. 


The converse of the above theorem need not be true as seen from the following example. 


Example 2.2. X = Y={a,b,c},r ={X,¢,{a}}ando ={ Y,¢,{a}, {a,b }}. 
The identity function f: X — Y is gua-continuous, ag-continuous and gp-continuous but not 
g'wa-continuous, since for the closed set A={c}in Y, f-'({ c}) ={ c} is not g*wa-closed 
in X. 

Remark 2.2. The concept of g*wa-continuous function is independent with wa-continuous. 

Example 2.3. X = Y={a,),c},r={X,¢,{a}}ando ={ Y,¢,{a}, {bd}, { 
a, b $$. Define a function f: X — Y by f(a)=b, f(b)=a and f(c)=c. Then f is wa-continuous 
but not g*wa-continuous, since for the closed set A ={ b, c} in Y, f t({ b, c}) ={ a, c} is 
not g*wa-closed in X. 

Example 2.4. X= Y={a,),c},7={X,¢,{a}, {6 ch} ando={ Y,¢,{a 
\i. Define a function f : X > Y by f(a)=b, f(b)=a and f(c)=c. Then f is g*wa-continuous but 
not wa-continuous, since for the closed set A = { b, c} in Y, f t(f b, c}) ={ a, c } is not 
wa-closed in X. 


Remark 2.3. The concept of g*wa-continuous function is independent with a-continuous. 
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Example 2.5. Let X = Y={a,b,c},7 ={X,¢,{a}, {a b}} ando ={ Y, ¢, { 
a}}. Let f: X > Y be the identity function. Then f is a-continuous but not g*wa-continuous, 
since for the closed set A={c}in Y,f-4({ c}) ={ c} is not gtwa-closed in X. 

Example 2.6. Let X = Y={a,b,c},7r={X,¢,{a}, {bch} ando ={ Y,¢,{a 
\,{b}, { a, b}}. The identity function f: X > Y is g*wa-continuous but not a-continuous, 
since for the closed set A ={ a,c} in Y, f'({ a,c }) ={ a, b } is not a-closed in X. 

Theorem 2.3. A function f : X — Y is g*wa-continuous if and only if f-'(V) is 
g'wa-open set in X for every open set V in Y. 


Proof. The proof is obvious. 


Remark 2.4. The composition of g*wa-continuous functions need not be g*wa-continuous 
as seen from the following example. 

Example 2.7. X= Y=Z={a,),c},7r={xX,¢,{a},{ab}},o={Y,¢6,{a4 6 
Vi andn = { Z, 6, { a }}. Let f: X > Y be the identity function and the function g: Y— 
Z is defined by g(a)=b, g(b)=a and g(c)=c. Then f and g are g*wa-continuous functions but 
gof: X — Zis not g*wa-continuous, since for the closed set { b, c} in Z, (gof)'({ b, c}) = 
fig'hbcesJDa=af th ach) ={a,c} is not g*wa-closed set in X. 

Theorem 2.4. Let f: X — Yandg: Y— Z are any two functions then gof : X — Z 


is grwa- continuous if g is continuous and f is g*wa-continuous. 


Proof. Let f: X — Y is g*wa-continuous and g: Y — Z is continuous. Let F be any closed 
set in Z. Since g is continuous, g~!(F) is closed in Y. Since f is g*wa-continuous f-!(g~1(F)) = 
(gof)~!(F) is g*wa-closed in X. Hence (gof)~+ is g*wa-closed in X. Thus gof is g*wa-continuous. 


The characterization of g*wa-continuous functions. 
Theorem 2.5. Following statements are equivalent for the function f: X > Y: 
(i) f is g*wa-continuous. 
(it) the inverse image of each open set in Y is g*wa-open in X. 
(itt) the inverse image of each closed set in Y is g*wa-closed in X. 
(iv) for each x in X, the inverse image of every neighborhood of f(x) is a g*wa-neighborhood of 
L. 
(v) for each « in X and each neighborhood N of f(x) there is a g*wa-neighborhood W of x such 
that f(W) CN. 
(vi) for each subset A of X, f(g*wacl(A)) C cl(f(A)). 
(vii) for each subset B of Y, g*wacl(f-'(B)) C f-+(cl(B)). 


Proof. (i) — (ii) Follows from the Theorem 2.3. 

(ii) — (iii) Follows from the Definition 2.1. 

(ii) — (iv) Let x € X and let N be a neighborhood of f(x). Then there exists an open set V in 
Y such that f(x) € V C N. Consequently f~'(V) is g*wa-open in X and x € f-1(V)C f-1(N). 
Thus f-1(N) is g*wa neighborhood of f(x). 

(iv) — (v) Let x € X and let N be a neighborhood of f(x). Then by assumption W = f~!(N) 
is a g*wa neighborhood of x and f(W) = f(f-1(N)) CN. 
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(v) > (vi) Let y € f(g*wa-cl(A)) and let N be any neighborhood of y. Then there exists x € 
X and a g*wa neighborhood W of x such that f(x) = y, x € W. Hence x € g*wa-cl(A) and 
f(W) CN. By Theorem 1.10, WM A #4 ¢ and hence f(A) MN N # 6. Hence y € f(x) € cl(f(A)). 
Therefore f(g*wa-cl(A)) C cl(f(A)). 

(vi) — (vii) Let B be any subset of Y. Then replacing A by f~!(B) in (vi), we obtain f(g*wa- 
cl(f-!(B)) C el(f(f-1(B))) C el(B). That is g*wa-cl(f-!(B)) C f-!(cl(B)). 

(vii) — (i) Let G be an open set in Y, then Y-G is closed in Y. Therefore, f~!(Y-G) = f~1(cl(Y- 
G)) C g*wa-cl(f-1(Y-G)) = X - (g*wa-int(f-1(G)). This implies that g*wa-int(f-1(G)) C X 
- f-1(Y-G)) = f-1(G). Thus, g*wa-int(f-!(G)) C f-1(G). But f-1(G) C g*wa-int(f-1(G)) is 
always true. Therefore f-1(G) = g*wa-int(f-'(G)). This implies f~'(G) is g*wa-open set. 


Therefore f is g*wa-continuous. 


§3. g*wa-irresolute maps in topological spaces 


This section gives the concept of generalized star wa-irresolute (briefly g*wa-irresolute) 
maps and their properties in topological spaces. 

Definition 3.1. A map f: X > Y is called g*wa-irresolute if f-!(V) is g*wa-closed in 
X for every g*'wa-closed set V in Y. 

Theorem 3.1. A mapf: X — Y is g*wa-irresolute if and only if for every g*wa-open 
set A in Y, f-1(A) is g*wa-open in X. 


Proof. The proof is obvious. 


Theorem 3.2. Iff: X — Y is g*wa-irresolute then for every subset A of X, f(g*wa-cl(A)) 
© el(f(A)). 


Proof. If A C X, then cl(f(A)) which is also g*wa-closed in Y. As f is g*wa-irresolute, f~!(cl(f(A))) 
is g*wa-closed in X. Furthermore, A C f~1(f(A)) C f-+(cl(f(A))). Therefore by g*wa-closure, 
g*wa-cl(A) C f-+(cl(f(A))). Consequently, f(g*wa-cl(A)) C f(f-t(cl(f(A)))) € el(f(A)). 


Theorem 3.3. Every g*wa-irresolute map is g*wa-continuous. 


Proof. Let f: X — Y be a g*wa-irresolute map and V be a closed set in Y. Then from [15], V 
is g*wa-closed in Y. Since f is g*wa-irresolute map, f~1(V) is g*wa-closed in Y. Therefore f is 


g*wa-continuous. 


The converse of the above theorem need not be true as seen from the following example. 


Example 3.1. X = Y={a,b,c},7={X,¢,{a},{achhando={ Y,¢,{4 
b }}. Define a function f: X — Y by f(a)=a, f(b)=c and f(c)=b. Then f is g*wa-continuous 
but not g*wa-irresolute, since for the g*wa-closed set A={a,c}inY, ft ac}) ={a, 
b } is not g*wa-closed in X. 

Theorem 3.4. Let f: X — Y be a closed surjective and g*wa-irresolute map. If X is 


To*wa-space then Y is also Ty+w.-space. 
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Proof. Let A be g*wa-closed in Y. Then f~'(A) is g*wa-closed in X as f is g*wa-irresolute. 
Since X is Ty+wo-Space, then f-1(A) is closed in X. Since f is closed and surjective then A = 
f(f-1(A)) is closed in Y. Hence Y is also Ty+.,9-space. 


Theorem 3.5. If f: X — Y is bijective closed and wa-irresolute then the inverse map 


fl:Y— X is g*wa-irresolute. 


Proof. Let G be a g*wa-closed set in X. Let (f-1)~1(G) = £(G) C U where U is wa-open in 
Y.Then G C f~!(U) holds. Since f~!(U) is wa-open in X and G is g*wa-closed in X, cl(G) C 
f-(U) and hence f(cl(G)) C U. Since f is closed and cl(G) is closed in X, f(cl(G)) is closed in 
Y. So f(cl(G)) is g*wa-closed in Y. Therefore cl(f(cl(G)))) C U, so that cl(f(G)) C U. Thus f(G) 


is g*wa-closed in Y. Hence f+ is g*wa-irresolute. 


Theorem 3.6. Let f: X — Yandg: Y — Z be two functions. If f is g*wa-continuous 


and g is g*wa-irresolute and Y is Ty-wo-space then gof : X > Z is g*wa-irresolute. 


§4. g*wa-closed maps in topological spaces 


The concept of g*wa-closed maps are introduced and their properties are discussed in this 
section. 

Definition 4.1. A map f: X > Y is called generalized star wa-closed (briefly g*wa-closed) 
map if for each closed set F of X, f(F) is g*wa-closed in Y. 

Remark 4.1. From the Definition 4.1, every closed map is a g*wa-closed map but not 
conversely. 

Example 4.1. X= Y={a,),c},7={X,¢,{a}}ando={ Y,¢,{a}, {}, ¢ 
\\. Let f: X > Y be a map defined as f(a)=b, f(b)=c and f(c)=a. Then f is g*wa-closed map 
but not closed, since the set A = { b, c } is g*wa-closed in X but f({ b, c}) ={ a, c } ts not 
closed in Y. 

Remark 4.2. The converse of the Remark 4.1 is true if Y is Ty+q space. 

Theorem 4.1: A mapf: X > Y is g*wa-closed if and only if for any subset S of Y and 
for an open set U containing f-1(S) there exists g*wa-open set K of Y containing S such that 


f° cs. 


Proof. Suppose f : X — Y is g*wa-closed. Let S be a subset of Y and U be an open set of X 
containing f~1(S). Then K = Y - f(X - U) is g*wa-open set containing S such that f-1(K) C F. 

Conversely, suppose F is closed in X. Then f~!(Y- f(F)) C X - f-1(f(F)) C X-F and X - F 
is open. Then by hypothesis, there exists g*wa-open set K of Y such that Y - f(F) C K and 
f-1(K) C X- F. Therefore F C X - f-1(K). Hence Y - K C f(F) C f(X - f-1(K)) C Y- K, which 
implies f(F) C Y - K. Since Y - K is g*wa-closed, f(F) is g*wa-closed and thus f is g*wa-closed 


map. 


Theorem 4.2. If f: X > Y is g*wa-closed and A is a closed subset of X then flA : A 


— Yis g*wa-closed. 
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Proof. Let B Cc A be a closed set in X. Then f(B) is g*wa-closed in Y as f is g*wa-closed in Y. 
But f(B) = (f | A)(B), so (f | A)(B) is g*wa-closed in Y. Therefore f | A is g*wa-closed. 


Theorem 4.3. Let f: X — Yandg: Y— Zare any two maps such that gof: X — Z 
is g*wa-closed map: 
(i) if f is g*wa-continuous and surjective then g is g*wa-closed map. 


(it) if g is g'wa-irresolute and injective then f is g*wa-closed map. 


Proof. (i) Let F be closed set of Y. Then f~'(F) is closed set of X as f is continuous. Since gof 
is g*wa-closed map, (gof)(f~1(F)) = g(F) is g*wa-closed in Z. Hence g : Y — Z is g*wa-closed 
map. 

(ii) Let F be closed set in X. Then (gof)(F) is g*wa-closed in Z and so g~'(gof)(F) = f(F) is 


g*wa-closed in Y, since g is g*wa-irresolute and injective. Hence f is g*wa-closed map. 


Theorem 4.4. If A is g*wa-closed in X and f: X — Y is bijective wa-irresolute and 


g‘wa-closed then f(A) is g*wa-closed in Y. 


Proof. Let cl(A) C G where G is wa-open in Y. Since f is wa-irresolute, f-1(G) is wa-open set 
containing A. Hence cl(A) C f~!(G) as A is g*wa-closed. Again, since f is g*wa-closed, f(cl(A)) 
is g*wa-closed contained in the set G, which implies cl(f(cl(A))) C G and hence cl(f(A)) C G. 
So f(A) is g*wa-closed in Y. 


Remark 4.3. Composition of g*wa-closed maps need not be a g*wa-closed map. 

Example 4.2. X= Y=Z={a,b,c},7={X,¢,{a}},o={Y,¢,{ }}} andy = 
{Z o{a}, {a b},{a, ch}. Let f: X > Y be the identity map and define a function g : Y 
— Zas g(a)=b, g(b)=a and g(c)=c. Then f and g are g*wa-closed maps but their composition 
gof is not g*wa-closed map, since for the set A = { b, c} of Z, (gof)({ 6, c }) = of 6, c }) 
= g({ b, c}) ={ a,c} is not a g*wa-closed in Y. 

Theorem 4.5. Iff: X — Yandg: Y— Zare closed and g*wa-closed maps respectively 
then their composition gof : X — Z is g*wa-closed. 

Theorem 4.6. If f: X — Y is w-closed and Y is T,,-space [17] then f : X > Y is 


g*wa-closed map. 


Proof. Let F be closed set in X. Then f(F) is w-closed in Y as f is w-closed. Since Y is T.,-space, 
we have f(F) is closed in Y and hence g*wa-closed in Y. Thus f is g*wa-closed map. 


Theorem 4.7. If f: X — Y is g*wa-closed map andg: Y — Z is wa-irresolute and 
closed then gof is g*wa-closed map. 


Proof. Let A be a closed set in X. Then f(A) is g*wa-closed set in Y as f is g*wa-closed map. 
Since g: Y — Z is wa-irresolute and closed map, by Theorem 4.5, we have g(f(A)) = (gof)(A) 


is g*wa-closed in Z. Thus gof is g*wa-closed map. 


Theorem 4.8. If f: X — Y is g*wa-closed map then g*wa-cl(f(A)) C f(cl(A)) for every 
subset A of X. 
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Proof. Suppose f is g*wa-closed and A Cc X. Then cl(A) is closed in X and f(cl(A)) is g*wa- 
closed in Y. We have f(A) Cc f(cl(A)). But g*wa-cl(f(A)) C g*wa-cl(f(cl(A))). Since f(cl(A)) 
is g*wa-closed in Y, g*wa-cl(f(cl(A)))) = f(cl(A)). Hence g*wa-cl(f(A)) C f(cl(A)) for every 
subset A of X. 


Remark 4.4.The converse of the above theorem need not be true in general as seen from 
the following example. 

Example 4.3. X = Y={a,b,c},7r={X,¢,{a}, {ab}, {a c}} ando ={ 
Y, ¢,{ a}, { a, b }}. Let f: X > Y be the identity map. Then g*wa-cl(f(A)) C f(cl(A)) for 
subset A of X but f is not g*wa-closed, since f({ b }) = { b } is not g*wa-closed in Y. 

Theorem 4.9. Let f: X — Y be an open continuous g*wa-closed and surjective and X 


is regular then Y is also regular. 


Proof. Let U be an open set in Y and p € U. Since f is surjective there exist a point x € X 
such that f(x) = p. Since X is regular and f is continuous, there is an open set V in X such 
that x € V C cl(V) C f-1(U). Hence p € f(V) C f(cl(V)) C U. Since f is g*wa-closed, f(cl(V)) is 
g*wa-closed set contained in the open set U. By hypothesis cl(f(cl(V))) = f(cl(V)) and cl(£(V)) 
= cl(f(cl(V))). Therefore, p € f(V) C cl(f(V)) C U and f(V) is open as f is open. Hence Y is 


regular. 


Theorem 4.10. If A is g*wa-closed set of X and f: X > Y is g*wa-closed and wa- 
irresolute then f(A) is g*wa-closed in Y. 


Proof. Let A be a g*wa-closed in X and G be an wa-open in Y such that f(A) C G. Then 
f-'(G) is wa-open in X such that A C f-1(G). Hence cl(A) C f~1(G), since A is g*wa-closed 
and f~!(G) is wa-open. Again since f is g*wa-closed, f(cl(A)) is g*wa-closed set contained in 
the wa-open set G. Therefore cl(f(cl(A))) = f(cl(A)) C G. This implies cl(f(A)) C G. Hence 
f(A) is g*wa-closed in Y. 


Theorem 4.11. Jf A is g*wa-closed subset of Y and f : X — Y is bijective g*wa- 


continuous and wa-open then f-1(A) is g*wa-closed in X. 


Proof. Let U be an wa-open set in X such that f~'(A) C U. Then A C f(U). Since A is g*wa- 
closed in Y, cl(A) C f(U). Since f is bijective and g*wa-continuous, f~1(cl(A)) C f-1(f(U)) = 
U. Therefore f~!(cl(A)) C U. Now cl(f~!(A)) € el(f-1(cl(A))) = f-1(cl(A)) C U. This implies 
cl(f-1(A)) C U. Hence f~1(A) is g*wa-closed in X. 


Theorem 4.12. If f: X — Y is continuous g*wa-closed map from a normal space X on 


to a space Y then Y is also normal. 


Proof. Let A and B are disjoint closed sets of Y then f~!(A) and f~1(B) are disjoint closed sets 
in X. Then there exist disjoint open sets U and V of X such that f-!(A) C U and f-1(B) CV. 
Since f is g*wa-closed, then by Theorem 4.1, there exist disjoint g*wa-open sets G and H in Y 
such that A C G, B C Hand f-!(G) CU, f-!(H) C V. That is f-'(G) mn f-1(H) = ¢ and hence 
GOH = ¢. Since A is closed and G is wa-open, A C G and by Theorem 4.2 [15], A C int(G) 
and B C int(H). Therefore int(G) 9 int(H) = ¢. Hence Y is normal. 
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Definition 4.2. A map f: X — Y is called g*wa-open map if for each open set U of X, 
f{(U) is g*wa-open set in Y. 

Theorem 4.13. If a map f: X — Y is g*wa-open then f-!(g*wa-cl(A)) C el(f-+(A)) 
for each subset A of Y. 


Proof. Suppose f is g*wa-open then for any A C Y, f-1(A) C cl(f~!(A)). By Theorem 4.1 there 
exist g*wa-closed set K of Y such that A C K and f~'(K) C cl(f~!(A)). Since K is g*wa-closed 
set, f-1(g*wa-cl(A)) C f~1(K) C cl(f-1(A)). Hence f~!(g*wa-cl(A)) € el(f-1(A)). 

Following example shows that the converse of the above theorem need not be true in general. 


Example 4.4. X= Y={a,b,c},7r={X,¢,{a},{b}, {a,b }} ando ={ Y, 4, 
{a}}. Let f: X > Y be the identity function. Then for each subset A of Y, conclusion of the 
above theorem holds but f is not g*wa-open map, since for the open set A = { a, b } of X, f({ 
a, b}) = { a, b } ts not g*wa-open in X. 

Theorem 4.14. Ifamapf: X — Y is g*wa-open, then for each neighborhood U of x in 
X there exists a g*wa-neighborhood W of f(z) in Y such that WC f(U). 


Proof. Let £: X — Y be g*wa-open map. Let x € X and U be an arbitrary neighborhood of 
x in X. Then there exists an open set G in X such that x € G C U. Now f(x) € f(G) C f(U) 
and f(G) is g*wa-open set in Y, as f is g*wa-open map. Then f(G) is g*wa-nbd of each of its 
points. Taking f{(G) = W, W is g*wa-nbd of f(x) in Y such that W C f(U). 


Theorem 4.15. For any function f: X — Y the following statements are equivalent: 
(i) f is g*wa-open map 
(ii) flint(A)) C g*wa-int(f(A)) for any subset A in X 
(itt) for every z © X and for every open set U in X containing x, there exists a g*wa-open set 
W in Y containing f(z) such that W C f(U). 


Proof. (i) — (ii) Let A be any subset of X. Then g*wa-int(A) is open in X and g*wa-int(A) 
C A. By hypothesis, f(g*wa-int(A)) C f(A). Then g*wa-int(f(A)) is the largest g*wa-open set 
contained in f(A). Therefore f(g*wa-int(A)) C g*wa-int(f(A)). 

(ii) — (iii) Let x € X and U be an g*wa-open set in X containing x. Then there exists g*wa- 
open set V in X such that x € V C U. By hypothesis, f(V) = f(g*wa-int(V)) C g*wa-int(f(V)). 
Then f(V) is g*wa-open in Y containing f(x) such that f(V) C f(U). Take W = f(V) then W 
satisfies our requirement. 

(iii) — (i) Let U be an g*wa-open set in X and y be any point in f(U). By hypothesis there 
exists g*wa-open set W, in Y containing y such that W, C f(U). Therefore f(U) = U{ Wy: y 
€ f(U) }. Therefore f(U) is g*wa-open set in Y. 


Theorem 4.16. A surjective map f : X > Y is g*wa-open if and only if f-! : Y—> X 


is gwa-continuous. 


Proof. Necessity: Let U be an open set in X then by hypothesis (f~!)~!(U) = f(U) is g*wa-open 
in Y. Hence f-! : Y — X is g*wa-continuous. 
Sufficiency: Let U be an open set in X. Then by hypothesis f(U) = (f~!)~1(U) is g*wa-open in 


Y. Hence f : X — Y is g*wa-open. 
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Proposition 4.17. For any bijective function f: X — Y the following statements are 
equivalent: 
(i) fl: YX is g*wa-continuous 
(ii) f is g'wa-open map 


(iit) f is g*wa-closed map. 


85. g*wa-homeomorphism in topological spaces 


In this section the concept and characterizations of g*wa-homeomorphism in topological 
spaces are introduced and discussed. 

Definition 5.1. A function f: X — Y is called g*wa-homeomorphism if f and f-' are 
g*wa-continuous. 

Remark 5.1. From the Definition 5.1 it is clear that every homeomorphism is g*wa- 
homeomorphism but not conversely. 

Example 5.1. Let X = Y={a,b,c},7 ={X,¢,{a, b}} ando ={ Y,¢,{a}, { 
b}, { a, b }}. Let f: X > Y be an identity function. Then f is g*wa-homeomorphism but not 
homeomorphism, as f is not continuous, since for the open set A={a}in Y,f'({a}) ={ 
a } is not open in X. 

Theorem 5.1. Let f: X — Y be a bijective function. Then the following statements are 
equivalent: 

(i) f is g*wa-homeomorphism. 
(ii) fis g'wa-continuous and g*wa-open map. 


(ttt) f is g*wa-continuous and g*wa-closed map. 


Proof. Follows from the definitions. 


Theorem 5.2. If f: X — Yandg: Y > Z are giwa-homeomorphism and Y is 
To*wa-space then gof: X — Z is g*wa-homeomorphism. 


Proof. Let A be an open set in Z. Since g is g*wa-continuous, g~1(A) is g*wa-open in Y. Then 
g '(A) is open in Y as Y is Ty*ya-space. Also, since f is g*wa-continuous, f~!(g~!(A)) = 
(gof)~'(A) is g*wa-open in X. Therefore gof is g*wa-continuous. 

Again, let A be an open set in X. Since f~+ is g*wa-continuous, (f-1)~1 = f(A) is g*wa-open 
Y and so f(A) is open in Y as Y is Ty+9-space. Also, g~! is g*wa-continuous then, (g~!)~'f(A) 
= e(f(A)) = (gof)(A) is g*wa-open in Z. Therefore ((gof)~!)~'(A) = (gof)(A) is g*wa-open 
set in Z. Hence (gof)~+ is g*wa-continuous. Thus gof is g*wa-homeomorphism. 


Definition 5.2. A bijective function f: X — Y is said to be strongly g*wa-homeomorphism 
if both f and f-' are g*wa-irresolute. 
We say that spaces X and Y are strongly g*wa-homeomorphic if there exists a g*wa-homeomorphism 
from X on to Y. 
We denote the family of all strongly g*wa-homeomorphism of a topological space X on to itself 
by strongly g*wa-hx. 


Theorem 5.3. Every strongly g*wa-homeomorphism is g*wa-homeomorphism. 
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Proof. Follows from Theorem 3.3. 


Remark 5.2. Composition of two strongly g*wa-homeomorphism is a strongly g*wa- 
homeomorphism. 


Theorem 5.4. The set strongly g*'wa-hxX is group under the composition of maps. 


Proof. Define a binary operation * : strongly g*wa-hX — strongly g*wa-hX by f*g = gof for 
all f, g € strongly g*wa-hX and so o is the usual operation of composition of maps. Then by 
Remark 5.2, gof € strongly g*wa-hX. We know that the composition of maps is associative and 
identity map I: X — X belonging to strongly g*wa-hX serves as the identity element. If f € 
strongly g*wa-hX, then f+ € strongly g*wa-hX such that fof~! = f~tof = I and so inverse 
exists for each element of strongly g*wa-hX. Therefore (strongly g*wa-hX, o ) is a group under 


the operation of composition of maps. 


Theorem 5.5. Let f: X — Y be strongly g*wa-homeomorphism. Then f induces an 
isomorphism from the group strongly g*wa-hX onto the group strongly g*wa-hY. 


Proof. Using the map f, we define a map 7p : strongly g*wa-hX — strongly g*wa-hY by n,(h) 
= fohof—' for every h € strongly g*wa-hX. Then 777 is a bijection. Further for all hy and he € 
strongly g*wa-hX, nf (hyoh2) = fo(hiohg)of~! = (foh;of~') 0 (fohgof~') = m¢(hi) 0 nf (he). 
Therefore nf is homeomorphism and so it is an isomorphism induced by f. 


Theorem 5.6. Strongly g*wa-homeomorphism is an equivalence relation in the collection 


of all topological spaces. 


Proof. Reflexivity and Symmetry are immediate and Transitivity follows from the Remark 
5.2. 


Corollary 5.1. Jf A C B then g*wa-cl(A) C g*wa-cl(B). 
Theorem 5.7. If f: X — Y is strongly g*wa-homeomorphism then g*wa-cl(f-+(B)) = 
fl (g*wa-cl(B)) for every BC Y. 


Proof. Since f is strongly g*wa-homeomorphism, f is g*wa-irresolute. Since g*wa-cl(f(B)) is 
g*wa-closed set in Y, f-!(g*wa-cl(f(B))) is g*wa-closed in X. Now f~!(B) c f~!(g*wa-cl(B))) 
and so by Corollary 5.1, g*wa-cl(f~!(B)) C f~!(g*wa-cl(B))). 

Again, since f is strongly g*wa-homeomorphism, f~! is g*wa-irresolute. Since g*wa-cl(f~1(B)) is 
g*wa-closed in X, (f-')~!(g*wa-cl(f-1(B))) = f(g*wa-cl(f~!(B))) is g*wa-closed in Y. Now, B c 
(f-1)-1(£-1(B))) C (f-1)~1(g*wa-cl(f-!(B))) = f(g*wa-cl(f-!(B))) and so g*wa-cl(B) C f(g*wa- 
cl(f-1(B))). Therefore f-!(g*wa-cl(B)) C f-1(f(g*wa-cl(f-(B)))) C g*wa-cl(f-!(B)) and hence 
the equality holds. 


Corollary 5.2. If f: X — Y is strongly g*wa-homeomorphism then g*wa-cl(f(B)) = 
f(g'wa-cl(B)) for all subset B of X. 


Proof. Since f : X — Y is strongly g*wa-homeomorphism, f~! : Y — X is also strongly g*wa- 
homeomorphism. Therefore by the Theorem 5.7, g*wa-cl((f~')~!(B)) = (f~1)~1(g*wa-cl(B)) 
for all B C X, that is g*wa-cl(f(B)) = f(g*wa-cl(B)). 
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Corollary 5.3. If f: X — Y is strongly g*wa-homeomorphism then f(g*wa-int(B)) = 
gwa-int(f(B)) for all BC X. 


Proof. For any subset B C X, g*wa-int(B) = g*wa-cl(B‘°))°. Thus by using Corollary 5.2, we 
obtain f(g*wa-int(B)) = f((g*wa-cl(B°))° = (f(g*wa-cl(B*°)))° = (g*wa-cl(£(B°)))° = (g*wa- 
cl((f(B))°))° = g*wa-int(f(B)). 


86. g*wa-closed graphs in topological spaces 


In this section we discussed the properties of g*wa-closed graphs. 

Definition 6.1. A topological space X is said to be a 
(i) g*wa-T,-space if for each pair of distinct points x and y of X there exist disjoint g*wa-open 
sets U containing x but not y and V containing y but not x. 
(tt) g*wa-T>-space if for each pair of distinct points x and y of X there exist disjoint g*wa-open 
sets U and V such thatx € Uandye V. 

Definition 6.2. A function f: X > Y has g*wa-closed graph if for each (x, y) © (X x 
Y) \ G(f) there exist U€ G*wa0O(X, z) and V € O(Y, y) such that (U x cl(V)) N G(f) =¢ 

Theorem 6.1. Let f: X — Y be a function. Then the following properties are equivalent: 
(i) f is g*wa-closed graph. 
(ii) for each (x, y) © (X x Y)\ G(f) there exist U€ G*waOd(X, z) and VE O(Y, y) such that 
f(U)  cl(V) = @ 
(iit) for each (x, y) © (X x Y) \ G(f) there exist U € GtwaO(X, x) and V € Grwad(Y, y) 
such that (U x g*wa-cl(V)) N G(f) = ¢ 
(iv) for each (x, y) © (X x Y) \ G(f) there exist U € G*waO(X, x) and Ve Grwad(Y, y) 
such that f(U) N g*wa-cl(V) = ¢ 


Proof. (i) — (ii): Suppose (i) holds. Then (x, y) € - x Y) \ G(f) there exist U € G*waO(X 
x) and V € O(Y, y) such that (U x cl(V)) N G(f) = ¢. Thus, for each x € X, U is g*wa-open 
set in X containing x, implies f(x) 4 y. Therefore f(U) NM cl(V) = ¢. Thus (b) holds. 

(ii) — (i): By (ii) there exist U € G*waO(X, x) and V € O(Y, y) such that {(U) 9 cl(V) = 
That is U is a g*wa-open set in X containing x and f(x) 4 y. Thus (U x cl(V)) \ G(f) = ri 
(i) — (iii) From (iii) there exist U € G*waO(X, x) and V € O(Y, y) such that (U x cl(V)) N 
G(f) = ¢. Therefore (U x g*wa-cl(V)) 9 G(f) = ¢. Thus (iii) holds. 

(ii) — (iv): Suppose (ii) holds, that is (x, y) € (X x Y) \ G(f) there exist U € G*waO(X, x) and 
V € O(Y, y) such that f(U) M cl(V) = ¢. Since every open set is g*wa-open [15], g*wa-cl(V) 
C el(V), implies f{(U) N g*wa-cl(V) = ¢. Thus (iv) holds. 
(i) — (iv): It follows from (ii). 


Theorem 6.2. If f: X — Y is surjective g*wa-closed graph then Y is a T,-space. 


Proof. Let y1, yo © Y with y, 4 yo. Let xq € X. Since f is surjective f(a) = yo. Therefore 
(xo, yi) € (X x Y) \ G(f). Since f is g*wa-closed graph there exist U; € G*waO(X, xo) and 
Vi € O(Y, yi) such that f(U1) N cl(Vi) = ¢d. Since x € Ui and f(ao) = yi € f(U1) and f(U1) 
MN cl(Vi) = @, implies y2 ¢ V4. 
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Let 2, € X. Since f is surjective f(x,) = y1. Therefore (x1, y2) € (X x Y) \ G(f). Since f is 
g*wa-closed graph there exist Uz € G*waO(X, x1) and V2 € O(Y, y2) such that f(U2) 9 cl(V2) 
= ¢. Since x, € U2 and f(x1) = yo € f(U2) and f(U2) N cl(V2) = 4, implies y, ¢ V2. Therefore, 
for each y1, y2 € Y there exist an open sets Vi and V2 such that y: © Vi, yo ¢ Vi and yw ¢ Va, 


yo € Vg. Hence Y is T\-space. 


Corollary 6.1. If f: X — Y is surjective g*wa-closed graph then Y is g*wa-T\-space. 
Theorem 6.3. If f: X — Y is injective g*wa-closed graph then X is g*wa-T\-space. 


Proof. Let 21, 2 € X with 2; # x2. Since f is injective, f(a1) 4 f(x2), implies (x1, f(x2)) € 
(X x Y) \ G(f). Since f is g*wa-closed graph there exist U,; € G*waO(X, x71) and V, € O(Y, 
f(x2)) such that f(U1) N cl(Vi) = ¢. Since x € Uj, implies f(#1) € f(U1), so f(w2) ¢ f(U1) and 
2 ¢ U, . 

Let us consider, (x2, f(a1)) € (X x Y) \ G(f). Since f is g*wa-closed graph there exist Uz € 
G*waO(X, x2) and Vz € O(Y, f(x1)) such that f(U2) NM cl(V2) = ¢. Since x2 € Us, implies 
f(x2) € f(U2), so f(a1) ¢ f(U2) and w, ¢ Uy. Therefore, for each x1, x2 € X, there exists 
g*wa-open sets U; and U2 in X such that x, € U1, x2 ¢ Ui and x1 ¢ U2, x2 € Uz. Hence X is 


g*wa-T}-space. 


Corollary 6.2. Let f: X — Y be bijective with g*wa-closed then both X and Y are 
g wa-T\ -spaces. 


Theorem 6.4. Let f: X — Y be surjective g*wa-closed graph then Y is T2-space. 


Proof. Let yi, yo € Y with y; # yo. Since f is surjective, for each x; € X, f(a1) = y1. Now 
(21, y2) € (X x Y) \ G(f). Since f is g*wa-closed graph there exist U € G*waO(X, x1), V € 
O(Y, yz), such that f(U) M cl(V) = ¢. Now a, € U, implies f(z1) = y; € f(U). So y, ¥ el(V) 
as {(U) N cl(V) = ¢. Therefore there exists W € O(Y, yi) such that WM V = ¢. Hence, Y is 
To-space. 


Corollary 6.3. Let f: X — Y be surjective g*wa-closed graph, then Y is g*wa-T2-space. 
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Abstract Let G be a graph with vertex set V(G) = {v1,v2,...,un}. Let A(G) be the 
adjacency matrix of a graph G. The rows of A(G) corresponding to a vertex v of G, denoted 
by s(v) is the string. The Hamming index of a graph G is the sum of the Hamming distances 
between all pairs of vertices of G. In this paper we obtain Hamming index generated by 


adjacency matrix of some thorn graphs. 
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81. Introduction 


In information theory, the Hamming distance between two strings of equal length is the 
number of positions at which the corresponding symbols are different. In another way, it 
measures the minimum number of substitutions required to change one string into the other, 
or the minimum number of errors that could have transformed one string into the other. 

The Hamming distance is named after Richard Hamming, who introduced it in his funda- 
mental paper on Hamming codes Error detecting and error correcting codes in 1950 [4]. It is 
used in telecommunication to count the number of flipped bits in a fixed-length binary word 
as an estimate of error, and therefore is sometimes called the signal distance. Hamming weight 
analysis of bits is used in several disciplines including information theory, coding theory, and 
cryptography. However, for comparing strings of different lengths, or strings where not just 
substitutions but also insertions or deletions have to be expected. For q-array strings over an 
alphabet of size gq > 2. The Hamming distance is applied in case of orthogonal modulation and 
is also used in systematics as a measure of genetic distance. 

Let Zz = {0,1}. The set Zg is a group under binary operation © with addition modulo 2. 
Therefore for any positive integer n, Z} = Zp x Zo x --- x Zo (n factors) is a group under the 
operation @ defined by 


(£1, %2,...,2n) B (Yr, Ya,--+5 Yn) = (%1 + 1, %2 + Yo,.--,2n + Yn)- 


Element of Z} is an n-tuple (a1, 22,...,2n) written as 7 = 2@142...%y, where every 2; is 
either 0 or 1 and is called a string or word. The number of 1’s in « = 2122... is called the 


weight of x and is denoted by wt(x). 
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Let © = %1%2...%p and y = yiyo..-Yn be the elements of Z}. Then the sum z 6 y is 
computed by adding the corresponding components of x and y under addition modulo 2. That 
is, eo +y,=O0ifa;=y, andaj+y=lifa;Ay,1=1,2,...,n. 

The Hamming distance Ha(x,y) between the strings « = 714%2...%p and y = yiy2--- Yn is 
the number of i’s such that 7; 4 yj, 1 <i<n. 

Thus Ha(x,y) = Number of positions in which x and y differ = wt(x © y). 

Example: Let « = 01001 and y = 11010. Therefore x 6 y = 10011. Hence Ha(z,y) = 
wt(x ® y) =3. 

A graph G with vertex set V(G) is called a Hamming graph [1, 4 - 7| if each vertex 
v € V(G) can be labeled by a string s(v) of a fixed length such that Hy(s(u), s(v)) = dg(u, v) 
for all u,v € V(G), where dg(u, v) is the length of shortest path joining u and v in G. Here we 
denote Ha(s(u;), s(v;)) = Hdg(uj, v;). 


§2. Preliminaries 


Let G be asimple, undirected graph with n vertices and m edges. Let V(G) = {v1, v2,..-, Un} 
be the vertex set of G and E(G) = {e1, €2,...,€m} be the edge set of G. 

The distance between two vertices u and v in G is the length of shortest path joining u 
and v and is denoted by dg(u,v). The adjacency matri of G is a matrix A(G) = [a;,;] of order 
n, in which aj; = 1 if the vertex v; is adjacent to the vertex v; and a;; = 0, otherwise. Denote 
by s(v), the row of the adjacency matrix corresponding to the vertex v. It is a string in the set 
ZY, of all n-tuples over the field of order two. 

Sum of Hamming distances [3,9] between all pairs of strings generated by the adjacency 
matrix of a graph G is denoted by H4(G). Thus, 


Ha(G) = y Hdg(ui,0;). 


1<i<j<n 


U1 


U3 U4 
Figure 1: Graph G 
For a graph G of Figure 1, the adjacency matrix is 


U1, U2 UZ U4 


V1 0 1 0 0 


AG)= vw |1011 
v, |0 1014 
U4 01 1 0 
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and the strings are s(v;) = 0100, s(v2) = 1011, s(v3) = 0101, s(v4) = 0110. 


Hdg(v1, v2) =4, Hdg(v1, v3) = 1, Hdg(v1, v4) = 1, 
Hdg(v2, 03) = 3, Hdg(v2,v4) = 3, Hdg(v3, va) = 2. 
Therefore H4(G) =4+14+1+34+3+2=14. 


§3. Hamming distance between pair of vertices 


The vertices which are adjacent to both u and v are called the common neighbours of u 
and v. The vertices which are neither adjacent to u nor adjacent to v are called non-common 
neighbours of wu and v. 

Theorem 3.1. [3] Let G be a graph with n vertices. Let the vertices u and v of G have k 
common neighbours andl non common neighbours. 


(i) If u and v are adjacent vertices, then 
Hdg(u,v) =n-—k-1. 
(it) If wu and v are nonadjacent vertices, then 


Hdg(u,v) =n—-—k-1-2. 


Theorem 3.2. Let G be a graph with n vertices. Let the vertices u and v of G have k 
common neighbours andl non common neighbours. Let w be another vertex of G. 
(i) Ifu and v are non adjacent vertices in G and G isa graph obtained from G by joining 
u and v, then 
Hdg (u,v) = Hdg(u, v) 2: 


(ii) If w is verter adjacent to both u and v in G, then 
Hdq(u,w) =n-—k—-I-1. 
(iii) If w is vertex non adjacent to both u and v in G’, then 
Hdq(u,w) =n-—k-1-2+1. 
(iv) If w is vertex adjacent to u but not v(vice-versa) in G', then 


Hdq@(u,w) =n-—k-1l-2-1. 


Proof. (i) If u and v are non adjacent in G, then from Theorem 3.1 (ii), 
Hdg(u,v) =n—k—-1-2. (1) 
G' is a graph obtained from G by joining u and v, then from Theorem 3.1 (i), 


Hdq@ (u,v) =n-—k-l. (2) 
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Therefore, from Eq. (1) and Eq. (2), we get 
Hdq (u,v) = Hdg(u, v) + 2. 
(ii) If w is vertex adjacent to both u and v, then from Theorem 3.1 (i), 
Hdg(u,v) =n-—k-l. (3) 


Since w is vertex adjacent to both u and v, then the number of common neighbour in G 
is (k +1). Therefore Eq. (3) becomes, 


Hdg(u, w) =n—k—-I-1. 
(iii) If w is vertex non-adjacent to both u and v, then from Theorem 3.1 (ii), 
Hdg(u,v) =n-—k—-1-2. (4) 


Since w is vertex not-adjacent to both u and v, then the number of non common neighbour 
in G is (l1— 1). Hence Eq. (4) becomes 


Hdq@(u,w) =n—-—k—-1l-2+1. 
(iv) If w is vertex adjacent to u but not v (vice-versa), then from Theorem 3.1 (i), 
Hdg(u,v) =n—-—k-1-2. (5) 


Since w is adjacent to u but not v, then the number of common neighbours is (k + 1) and 
hence Eq. (5) becomes 
Hdq@(u,w) =n—-—k-1l—-2-1. 


84. Hamming index of some thorn graphs 


Definition. [2] The thorn graph of a graph G denoted by Gt* is the graph obtained from 
G by attaching k pendent vertices to each vertex of G. 


Figure 2: G and Gt? 
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Theorem 4.1. Let C,, be a cycle on n vertices. Then Hamming index of C+* is given by 


Ha(C+*) = Ha(Cy) + 2k (3) (14+. k) 4 [k?n? — 4nk + 3n?k]. 


Proof. Let C,, be a cycle on n vertices. Then adjecency matrix of C+* is 


where A(C’,)is the adjacency matrix of C,, and I is the identity matrix of order n and O is the 


null matrix. 


Pale) = S° Ada(ui, v5) 
1<i<j<(k-+1)n 
n (k+1)n 
= S- Hdg(ui,v;) + S- Hda(ui,vj) + >> S- Hdg(ui, v;) 
1<i<j<n nt1<i<j<(k+1)n i=1 j=n+1 
n (k+1)n 
= S- 2k + Hde(u,v) + yy Hdg(ui,vj) + >> ye Hdg(ui,v;). (6) 
(u,v)ECn n+1<i<j<(k+1)n i=1 g=n+1 
i Hdg(ui,v;) = 2k? (5). 7 
( ee (ui, v7) 9 (7) 
n (k+1)n n (k+1)n 
(it) ~ S- Hdg(ui,v;) = S- Hdg(ui, v;)for a pair of (u;,v;) adjacent pairs 
j=1 jan+1 i=1 jan+1 
n (k+1)n 
+ S- Hdg(ui, v;)for a pair of (u;,v;) non-adjacent pairs. 
i=1 j=n+1 
n (k+1)n 
S- S- Hdg(ui,v;) = Hamming distance between kn adjacent pairs = k(k+3)n. (8) 
i=1 j=n+1 
n (k+1)n 


Hamming distance between k(n? — n) non-adjacent pairs 


M 
as 
by 
om 
a 
= 
| 


= Hamming distance between 2nk pairs with common neighbour 


+ Hamming distance between [k(n? — n) — 2nk] pairs with non 


common neighbour = (k + 1)(2nk) + (k+3)(kn? —3nk). (9) 


Substituting Eq. (7), Eq. (8) and Eq. (9) in Eq. (6), we get 


n 
2 


HalCi*) = Ha(Cn) +24( Ja t k) + [k?n? — 4nk + 3kn?). 
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Theorem 4.2. Let K,, be a complete graph on n vertices. Then Hamming index of K** 


is given by 


Hy(K**) = Ha(K,) + 2k (3) (L+k)+kn(n +k) + [(n—1) + (k-1)]k(n? — 7). 


Proof. Let K, be a complete graph on n vertices. Then adjecency matrix of k;t* is 


A(K,) I I 
I O--- O 
I O--- O 


where A(K,,) is the adjacency matrix of K,,, I is the identity matrix of order n and O is the 


null matrix. 


HA(Ki*) = S2 Ade (ui, v;) 
1<i<j<(k+1)n 
n (k+1)n 


- S- Hdg(ui,v;) + by Hda(ui,vj) + >> S- Hdg(ui, v;) 


1<i<j<n n+1<i<j<(k+1)n i=1 j=n+1 
= oe 2k + Hdg(u,v) + S- Hdg(uj,v;) + 
(u,vJEKn n+1<i<j<(k+l1)n 
n (k+1)n 


Dy > Hdg(uj,v;)- (10) 


i=1 j=n+1 


i) S- Hdg(uj,v;) = 2k? i (11) 


n+1<=i<j<=(k+1)n 


n (k+1)n n (k+1)n 
it) S- S- Hdg(uz,v;) = > > Hdg(u;,v;)for apair of (uj,v;) adjacent pairs 
i=1 j=nt1 i=1 j=n4tl 
n (k+1)n 
S- Hdg(ui,v;) = Hamming distance between kn adjacent pairs = kn(k + n).(12) 
i=1 j=ntl 
n (k+1)n 
» Hdg(ui,v;) = Hamming distance between k(n? — n) non — adjacent pairs 
t=1 g=n4+1 


= [(n—1)+(k—1L]k(n? — n). (13) 
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Substituting Eq. (11), Eq. (12) and Eq. (13) in Eq. (10), we get 


Hya(Kt*) = Ha(Kn) + 2k (5) (L+k)+kn(n +k) + [(n—1) + (k-1)]k(n? —7n). 


Theorem 4.3. Let P,, be a path on n vertices. Then Hamming index of P+" is given by 


Hare") = Ha(Pa) +24(5) + k) + k[n(3 + k) — 2] + 2k? + (n — 2)[2k(k + 1)] 


tk(n — 2)[n(k +3) —k— 5]. 


Proof. Let P, be a path on n vertices. Then adjecency matrix of P+ is 


A(Pn) I I 
I O--- O 
A(PT*) = ; 
I O--- O 
where A(P,,)is the adjacency matrix of P,, I is the identity matrix of order n and O is the null 
matrix. 
HAE Ss S> Hde(uz, 04) 
1<i<j<(k+1)n 
n (k+1)n 
=> S- Hdg(ui,v;) + S Hdg(uj,v;) + >> S- Hdg(uj, v;) 
1<i<j<n n+1<i<j<(k+1)n t=1 j=n+1 
= ba 2k + Hde(u, v) TF S- Hdg(ui, v;) 
(u,v)EPn nt1<i<j<(k+1)n 
n (k+1)n 
+ SY) SO Ade(ui,v;). (14) 
w=1 g=n+1 
@ YD Ada(u,y;) = 20(2. (15) 
n+1l<i<j<(k+1)n 
n (k+1)n n (k+1)n 
(iz) » S- Hdg(ui,v;) = S- S- Hdg(ui, v;)for apair of (u;,v;)adjacent pairs 
j=1 jan+1 i=1 j=n+1 
n (k+1)n 
+ S- S- Hdg(ui, v;)for pair of (u;,vj;)non adjacent pairs. 
t=1 g=n+1 
n (k+1)n 
» x Hdg(ui,v;) = Hamming distance between kn adjacent pairs = k[n(k + 3) — 2]. (16) 


t=1 g=n+1 
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n (k+1)n 
S- S- Hdg(ui,vj;) = Hamming distance between k(n? — n) non-adjacent pairs 
t=1 g=n+1 
= Hamming distance between 2(n — 1)k pairs with common neighbour 
Hamming distance between [k(n? — n) — 2(n — 1)k] pairs with 


non-common neighbour = (n — 2)k[n(k + 3) — k — 5]. (17) 


Substituting Eq. (15), Eq. (16), and Eq. (17) in Eq. (14), we get 


H,(Pt*) = Ha(Pa) +24(5) + k) + k[n(3 + k) — 2] + 2k? + (n — 2)[2k(k + 1)] 


+k(n —2)[n(k +3) —k—5]. 


Acknowledgement 


The author H. S. Ramane is thankful to UGC, Govt. of India for support through research 
grant under UGC-SAP DRS-III for 2016-2021: F. 510/3/DRS-III/2016(SAP-I) Dated: 29th 
Feb. 2016. Another author G. A. Gudodagi is thankful to the Karnatak University for financial 
support through the UGC-UPE scholarship No: KU/SCH/UGC-UPE/2014-15/901. And the 
third author Ashwini Yalnaik is thankful to UGC, Govt. of India for support through Rajiv 
Gandhi National Fellowship No. F1- 17. 1/2014-15-SC-KAR-74909. 


References 


ary 


S. Bang, E. R. van Dam and J. H. Koolen. Spectral characterization of the Hamming graphs. 
Linear Algebra Appl., 2008, (429): 2678-2686. 


2] D. M. Cvetkovié, M. Doob and H. Sachs. Spectra of graphs. New York: Academic Press, 1980. 


3] A. B. Ganagi and H. S. Ramane. Hamming distance between the strings generated by adjacency 
matrix of a graph and their sum. Alg. Discr. Math, 2016, 22: 82-93. 


4] R. W. Hamming. Error detecting and error correcting codes. Bell System Tech. J., 1950, 29(2): 
147-160. 

5] W. Imrich and S. Klavzar. A simple O(mn) algorithm for recognizing Hamming graphs. Bull. Inst. 
Combin. Appl., 1993, 9: 45-56. 

6] W. Imrich and 8. Klavzar. On the complexity of recognizing Hamming graphs and related classes 
of graphs. European J. Combin., 1996, 17: 209-221. 

7| W. Imrich and S. Klavzar. Recognizing Hamming graphs in linear time and space. Inform. Process. 


Lett., 1997, 63: 91-95. 


8] S. Klavzar and I. Peterin. Characterizing subgraphs of Hamming graphs. J. Graph Theory, 2005, 
49: 302-312. 


9] H. S. Ramane and A. B. Ganagi. Hamming index of class of graphs. Int. J. Curr. Engg. Tech., 
2013, 205-208. 


SCIENTLIA MAGNA 


An international journal 


i 


ISSN 6706 


